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Abstract: We investigate precision observables sensitive to custodial symmetric/violating
UV physics beyond the Standard Model. We use the SMEFT framework which in general
includes non-oblique corrections that requires a generalization of the Peskin-Takeuchi T pa-
rameter to unambiguously detect custodial symmetry/violation. We take a first step to-
wards constructing a SMEFT reparameterization-invariant replacement, that we call T , valid
at least for tree-level custodial violating contributions. We utilize a new custodial basis of
νSMEFT (SMEFT augmented by right-handed neutrinos) which explicitly identifies the global
SU(2)R symmetries of the Higgs and fermion sectors, that in turn permits easy identification
of higher-dimensional operators that are custodial preserving or violating. We carefully con-
sider equation-of-motion redundancies that cause custodial symmetric operators in one basis
to be equivalent to a set of custodial symmetric and/or violating operators in another basis.
Utilizing known results about tree/loop operator generation, we demonstrate that the basis-
dependent appearance of custodial-violating operators does not invalidate our T parameter
at tree-level. We illustrate our results with several UV theory examples, demonstrating that
T faithfully identifies custodial symmetry violation, while T can fail.
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1 Introduction
It is widely anticipated that there is new physics beyond the Standard Model (SM). In the
absence of directly producing the new particles of the Beyond the SM (BSM) sector, we would
like to maximize the information we can glean about the UV physics from indirect probes. In
this approach, the LEP era established the importance of electroweak precision data [1, 2],
which could test the SM to an accuracy of ∼ 0.1%. Constraints on the scale of new physics
can be Λ & 10 TeV for those contributing to electroweak precision observables at the order
v2/Λ2.
Directly calculating the contributions to electroweak precision observables from a given
UV theory is in principle straightforward. However, it must be done on a case-by-case basis and
consequently, does not (necessarily) provide general insights about the new physics. Peskin and
Takeuchi demonstrated that the new physics effects can be efficiently categorized by utilizing
three precision parameters S, T , and U [3]. These parameters provide a simple, stunningly
ubiquitous bridge between the effects of a new UV sector and electroweak precision data, and
have become popular tests in determining the phenomenologically viable parameter space for
BSM theories. In particular, the T parameter is identified as the manifestation of “custodial”
symmetry breaking effects from the UV sector. Theories beyond the SM are often constructed
to respect custodial symmetry in order to avoid the strong bounds on the T parameter,
including originally technicolor [4] (for a review [5]), as well as composite Higgs, e.g., [6–10],
little Higgs theories [11–15], dark matter theories [16–18], etc.
The Peskin-Takeuchi T parameter can be constrained from a variety of electroweak data.
There are two observables that are often associated with directly constraining T : ρˆ∗(0), the
ratio of charged current to neutral current (CC/NC) in the limit of zero momentum [3]; and,
the Veltman ρˆ ≡ m2W
m2Z cos
2 θ
[19]. We emphasize that these two are quite different observables1
despite often being confused with each other (see e.g. PDG [20]). In particular, ρˆ∗(0) only
depends on T , where a nonzero value can be directly associated with custodial violation.
Veltman ρˆ, on the other hand, depends on all of S, T , and U , and can deviate from 1 due to
custodial symmetric UV effects (see [3]):
ρˆ∗(0)− 1 = αT , (1.1a)
ρˆ− 1 = α
cos 2θ
(
−1
2
S + cos2 θ T +
cos 2θ
4 sin2 θ
U
)
. (1.1b)
In determining the strongest experimental constraints on T (and S, U), the simplicity of
Eq. (1.1a) may be outweighed by the precision on the Veltman ρˆ observable and associated
Z-pole observables that can simultaneously constrain S, T , and U .
The S, T , U parameters, however, have limitations. In particular, a key assumption,
clearly stated at the time, is that the UV physics contributes only “obliquely”, i.e., via the 2-
point functions of the SM electroweak gauge bosons. Another assumption is that the analysis
1We thank S. Chang for emphasizing this point to us.
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only accounts for up to p2 terms in gauge boson two-point functions. As precision increases,
the framework has been generalized to p4 order, by introducing the new parameters V , W ,
X, and Y [21–24], though the oblique assumption remains in place.
Following the discovery of the Higgs boson [25, 26], the Standard Model Effective Field
Theory (SMEFT) [27–29] has become a new popular framework for model-independent analy-
ses of BSM physics, especially given the null results for the various direct BSM searches at the
LHC. In this framework, new physics is considered as sufficiently heavy, such that it can be
integrated out, resulting in higher dimensional operators, supplementing the SM Lagrangian.2
From the SMEFT point of view, only a very restricted set of UV theories (the so-called
universal theories [24, 42, 43]) contribute only obliquely; fully general UV sectors captured
by SMEFT also have non-oblique corrections [44]. In addition, even for universal theories,
oblique corrections do not remain oblique — non-oblique corrections are generated as soon as
(renormalization group) RG effects are included [45, 46]. Therefore, a generalization of the T
parameter that does not rely on restricting to oblique-only corrections would be of significant
importance to determine custodial symmetry or its violation of a generic UV theory.
In this paper we present a first step in resolving this issue. Note that once we generalize
beyond the oblique assumption, exactly what one means by custodial symmetry becomes more
subtle and needs to be revisited. The CC/NC ratio, universal for purely oblique corrections,
now depends on what fermions are considered. Given this ambiguity in defining custodial
symmetry, we make a choice that resembles the definition from ρˆ∗(0). Specifically, we define
UV physics to be custodial symmetric when an SU(2)R global symmetry is preserved (in the
limit of zero hypercharge coupling) by all UV interactions with the Higgs sector of the SM.
In the SMEFT framework, one works with effective operators whose constituents have
manifest transformation properties under the global SU(2)R symmetries in the SM Higgs
and/or fermion sectors. In this sense, the Wilson coefficients are superior to the S, T , U
parameters, as they can directly indicate SU(2)R symmetries or their violation. This is
a simplification compared to the oblique framework, where one has to infer the SU(2)R
symmetry from the CC/NC ratio. To better utilize this feature of SMEFT, we take linear
combinations of operators in dimension-six (dim-6) Warsaw basis—extended to include right-
handed neutrinos (thus νSMEFT, rather than SMEFT), and map them into a new custodial
basis where all operators have manifest transformation properties under the global SU(2)R
symmetries in the SM. This allows us to directly identify UV custodial symmetry/violation
from the Wilson coefficients generated by matching.
Assisted by the custodial (ν)SMEFT basis, we construct a linear combination of Wilson
2Classifying the general form of these operators has had a long history [28, 29]. The ‘Warsaw’ basis [30], for
instance, provides a non-redundant parameterization of the set of all dimension-six (dim-6) operators. Other
operator bases, e.g. SILH basis [10] can be related through integration-by-parts (IBP) and equations-of-motion
(EOM) redundancies [31]. A systematic classification and counting of SMEFT operators has been recently
achieved using the Hilbert series technique [32–36] up to dim-8 and beyond [37–40]. The number of operators
grows rapidly with the dimension [39, 40]. At dim-6, SMEFT contains 3045 operators [39, 41], assuming all of
the global symmetries of the SM are broken.
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coefficients that we call Tl, a new precision parameter that serves as a generalization of the
T parameter to indicate custodial symmetry/violation in non-oblique theories. We show that
Tl can be constructed from Z-pole observables and mW , faithfully determining at tree-level
if the UV sector contains “hard” custodial violation (that persists even when the hypercharge
gauge coupling vanishes), independent of whether the UV sector contributes only obliquely.
Importantly, as our new Tl parameter involves multiple electroweak observables. As a conse-
quence, the constraint on custodial violation that it sets is only as strong as the weakest link,
namely that the least precise component observable determines the true bound on custodial
violation of UV physics.
Our new parameter Tl is a first step only, as it does not capture loop corrections from the
SM nor from SMEFT. In particular, modifications to the parameter are required to account for
the known SM violation of custodial symmetry at one-loop level (arising mainly from top loop
contributions). Furthermore, incorporating loop-level effects in SMEFT requires a substantial
amount of additional effort due to an ambiguity that arises from equation of motion (EOM)
redundancies. When custodial symmetric UV physics is integrated out, it generates custodial
symmetric operators, but not necessarily in the Warsaw or custodial basis of (ν)SMEFT.
Ordinarily one simply utilizes integration-by-parts (IBP) and EOM redundancies to rewrite
the UV generated operators in terms of whatever basis one prefers, in our case, our custodial
basis of (ν)SMEFT. However, the EOM redundancy can trade custodial symmetric operators
for custodial violating operators proportional to the SM violation of custodial symmetry.
This is simply because the EFT as a whole does not respect custodial symmetry, even if the
integrated-out UV physics does. This could have sunk any chance to isolate observables only
sensitive to UV sector violations of custodial symmetry. Fortunately, from known results
about tree/loop operator generation [47–49], we find that restricting to tree level generated
operators, our set of observables, and hence our Tl parameter, remain faithful in identifying
hard custodial violation of UV physics. This is the main result of this paper.
The layout of the rest of this paper is as follows: In Sec. 2 we establish notation and
review the global SU(2)R symmetries of the Higgs and fermion sectors of the SM, as well as
how they are broken by various interactions. This will help us lay out our working definition
of custodial symmetry. Next, in Sec. 3, we introduce the custodial basis for (ν)SMEFT and
classify operators in that basis according to their properties under our custodial symmetry.
We also provide mapping between this basis and conventional SMEFT bases which will be
useful for quickly importing past results. In Sec. 4, we select a set of electroweak precision
observables and determine a particular combination of them that is sensitive to hard UV
custodial violation at tree level. Our new electroweak precision parameter Tl arises from this
combination, and serves as a generalization of the T parameter to UV theories with non-
oblique corrections. This section contains our main results. The impact (or lack thereof)
of EOM redundancies is the subject of Sec. 5. In Sec. 6 we investigate several example UV
theories to demonstrate the validity of our new Tl parameter constructed in Sec. 4. Finally,
we conclude in Sec. 7.
– 5 –
2 SU(2)R Symmetries in (ν)SM and Custodial Symmetry
In this section, we discuss the (approximate) global SU(2)R symmetries in (ν)SM [Secs. 2.1
and 2.2]; identify their breaking sources [Sec. 2.3]; and then introduce our definition of the
custodial symmetry [Sec. 2.4].
Let us first establish our notation for the group theory and field content. We use τa =
τaR = σ
a with a = 1, 2, 3 to denote Pauli matrices. The SU(2)L and SU(2)R generators in
the fundamental representation are hence ta = 12τ
a and taR =
1
2τ
a
R respectively. The SU(3)c
generators in the fundamental representation are denoted by TA with A = 1, · · · , 8. The SM
covariant derivative is
Dµ = ∂µ − ig3GAµTA − ig2W aµ ta − ig1Bµy , (2.1)
with y denoting the hypercharge, GAµ ,W aµ , Bµ denoting the gauge fields, and g3, g2, g1 denoting
the gauge couplings. A general field strength is denoted as Xµν ∈
{
GAµν ,W
a
µν , Bµν
}
. For the
dual, we adopt the convention X˜µν ≡ 12µναβXαβ , with 0123 = +1. We use the usual Dirac
matrices γµ, and σµν ≡ i2 [γµ, γν ].
Our notation for the SM Lagrangian is
LSM = −1
4
GAµνG
Aµν − 1
4
W aµνW
aµν − 1
4
BµνB
µν + |DH|2 − λ
(
|H|2 − 1
2
v2
)2
+
∑
ψ
ψ¯i /Dψ −
(
Yu q¯H˜u+ Yd q¯Hd+ Ye l¯He+ h.c.
)
, (2.2)
where for the SM fermions ψ, we follow Ref. [30] to use {q, l} for left-handed SU(2)L-doublets,
and {u, d, e} for right-handed SU(2)L-singlets. In the above, the Yukawa couplings Yu, Yd, Ye
are 3× 3 matrices in the generation space, but we have suppressed the generation indices for
compactness. We can also extend the SM to include right-handed neutrinos ν—what we refer
to as νSM. In this case, the Lagrangian is augmented as
LνSM = LSM + ν¯i /Dν −
(
Yν l¯H˜ν + h.c.
)
. (2.3)
2.1 Higgs sector: SU(2)RH
We begin our discussion of global SU(2)R symmetries with the Higgs doublet
H =
(
G+(
v + h+ iG0
)
/
√
2
)
. (2.4)
The Higgs potential is invariant under an SO(4) symmetry
SO(4) ∼ SU(2)L × SU(2)RH , (2.5)
where the SU(2)L and the t3R generator of SU(2)RH are gauged in (ν)SM. This symmetry
is spontaneously broken to SO(3) ∼ SU(2)V when the Higgs develops a vacuum expectation
value (vev).
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We can re-express the Higgs field in terms of a (2,2) bifundamental scalar field that
transforms under the (UL, UR) ∈ SU(2)L × SU(2)RH as3
Σ ≡
(
H˜ H
)
=
(
(v + h− iG0)/√2 G+
−G− (v + h+ iG0)/√2
)
−→ UL ΣU †R . (2.6)
In principle, all interactions are built out of Σ, but it is sometimes helpful to make use of the
identity
Σ†iRiL ≡ iRjRiLjLΣjLjR , (2.7)
and write operators with Σ†, where the SU(2) transformation properties are easier to recog-
nize. For example, the SM Higgs potential can be written as
V = λ
(
|H|2 − v
2
2
)2
=
λ
4
[
tr
(
Σ†Σ
)
− v2
]2
, (2.8)
where the SU(2)L × SU(2)RH symmetry is manifest. Similarly, one can rewrite the Higgs
SU(2)L and U(1)Y currents into
H†i
←→
D aµH ≡ H†τaiDµH + h.c. = tr
(
Σ†τaiDµΣ
)
, (2.9a)
H†i
←→
D µH ≡ H†iDµH + h.c. = − tr
(
Σ†iDµΣτ3R
)
, (2.9b)
where the SU(2) preserving/violating structures are more explicit.
2.2 Fermion sector: SU(2)RqR, SU(2)RlR
Turning to the fermion sector of the SM, there are several approximate SU(2)R symmetries
that become exact in the limit of neglecting hypercharge coupling g1 and the Yukawa couplings.
Focusing on one generation of fermions for the moment, the right-handed up-type quark u
and down-type quark d can be grouped together to form a doublet
qR ≡
(
u
d
)
, (2.10)
which has an U(2)qR global symmetry. We can break this symmetry up to the baryon number
U(1)B and a global SU(2)R quark isospin symmetry that we will call SU(2)RqR :
U(2)qR = U(1)B × SU(2)RqR . (2.11)
Similarly, when the SM is extended to νSM, we can build a right-handed lepton doublet
lR ≡
(
ν
e
)
, (2.12)
3Here H˜ ≡ iσ2H∗ = H∗, which transforms in the same way as H itself under the SU(2)L symmetry;
ij = −ji is an SU(2) invariant tensor, and we take 12 = +1.
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which has a global U(2)lR symmetry that we identify as consisting of lepton number and
isospin:
U(2)lR = U(1)L × SU(2)RlR . (2.13)
In case of three generations, we will get the quark isospin SU(2)RqR and the lepton isospin
SU(2)RlR for each generation.
2.3 SU(2)R violation in (ν)SM
With the global SU(2)R symmetries in (ν)SM identified, we can now classify the symmetry
breaking sources. For simplicity, we will focus on the one generation case:4
• Yukawa couplings play two roles: (1) they tie the Higgs SU(2)RH symmetry to the
isospin symmetries SU(2)RqR , SU(2)RlR ; and (2) they break these symmetries. To dis-
entangle these two effects, we can first write the Yukawa interactions in terms of the
bi-doublet Higgs Σ, e.g. for quarks:
Yu q¯H˜u+ Yd q¯Hd = q¯Σ
(
Yu 0
0 Yd
)
qR , (2.14)
and then split the above Yukawa matrix as(
Yu 0
0 Yd
)
=
Yu + Yd
2
12×2 +
Yu − Yd
2
τ3R . (2.15)
This way, the symmetry breaking pattern becomes clear. The term proportional to
12×2 leads to SU(2)RH × SU(2)RqR → SU(2), while the τ3R term breaks SU(2)RH ×
SU(2)RqR → U(1). By the same logic, the Yukawa interactions in the lepton sector of
νSM can be grouped into a combination that ties SU(2)RH to SU(2)RlR and a combina-
tion that breaks SU(2)RH × SU(2)RlR → U(1). The matrices 12×2 and τ3R will appear
often in this work, so we will adopt the convenient shorthand
P+ ≡ 12×2 , P− ≡ τ3R . (2.16)
We will use P± to apply to both SU(2)RqR and SU(2)RlR spaces—exactly which space
we are working with should be clear from the context.
• Gauging hypercharge corresponds to gauging the τ3R generators of SU(2)RH , SU(2)RqR ,
and SU(2)RlR . This breaks all of them simultaneously down to U(1)Y—exactly the
U(1) left intact by P− from Yukawa breaking.
4Similar arguments hold for the case of three generations.
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2.4 Custodial SU(2)R
Now that we have identified the SU(2)R symmetries and violation in (ν)SM, we are ready to
precisely define custodial symmetry in this paper:
UV physics is custodial symmetric when there is a global SU(2)R symmetry
preserved, in the limit g1 → 0, by all UV interactions with the Higgs sector of the SM.
Here, the preserved SU(2)R symmetry could be either SU(2)RH itself, or a diagonal subgroup
of SU(2)RH × SU(2)RqR , SU(2)RH × SU(2)RlR , or SU(2)RH × SU(2)RqR × SU(2)RlR . That
is, the SU(2)R group must involve SU(2)RH in some way.
A few important comments are in order about this definition:
• Our definition is exclusively about the UV sector. Therefore, even in the case the UV
sector respects custodial symmetry, the identified SU(2)R symmetry is still not an exact
symmetry of the whole Lagrangian (the UV sector plus (ν)SM). In particular, the
hypercharge coupling g1 and the mismatch in Yukawa couplings [Yu − Yd and Yν − Ye;
see e.g. Eq. (2.15)] in νSM break it. Only in the limits g1 → 0, Yu−Yd → 0, Yν−Ye → 0,
will the custodial SU(2)R become an exact symmetry of the entire UV + SM theory.
• Also, because our definition is exclusive to the UV interactions, whether or not a UV
sector is adjudicated to be custodial symmetric does not depend on the presence or
absence of (ν)SM Yukawa couplings. By contrast, the hypercharge coupling g1 could
play a role, as it could participate in the UV interactions when some UV particles have
nonzero hypercharge.
• The breaking of custodial SU(2)R by the UV interactions can thus be categorized as:
1. “Soft” breakings that vanish in the limit g1 → 0.
2. “Hard” breakings that persist in the limit g1 → 0.
In our definition above, a UV sector with “soft” custodial SU(2)R breaking is defined
as custodial symmetric. This is because our interest in this paper is “hard” custodial
violation. In the rest of this paper, we will utilize this terminology strictly unless explic-
itly stated otherwise, namely that our “custodial violating UV physics” contains “hard”
custodial breakings, and our “custodial symmetric UV physics” allows for soft breakings.
In the above, we have established a definition of the custodial symmetry for UV physics.
However, as explained in the introduction, we are not interested in analyzing UV theories case-
by-case. Instead, we would like to follow the spirit of the electroweak precision parameters
S, T, U , and use a general framework to analyze UV physics independent of the UV model.
In this paper, the framework we use is dim-6 (ν)SMEFT. This motivates us to divide the
dim-6 (ν)SMEFT operators into two categories: “custodial preserving/violating operators”
that can/cannot be possibly generated by custodial symmetric UV physics.
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Usually, a symmetry possessed by the UV theory gets inherited by the EFT (as long as
the heavy states integrated out do not break it). In case of our custodial SU(2)R, however,
the situation is less straightforward, precisely because it is not an exact symmetry of the
whole UV Lagrangian. Nevertheless, if we restrict ourselves to the leading matching order
(which could be tree level, one-loop level, or even higher, depending on the UV theory),
there are only heavy particle propagators in the contributing diagrams, and hence only UV
interactions beyond (ν)SM will participate. In this case, all the resulting (ν)SMEFT operators
will preserve the custodial SU(2)R symmetry. For the rest of the paper, we only consider the
leading matching order unless explicitly stated otherwise. This allows us to make the above
desired (ν)SMEFT operator division simply based on their SU(2)R transformation properties,
a task we will tackle in the next section.
3 Custodial Basis of (ν)SMEFT
In this section, we introduce a new basis for dim-6 (ν)SMEFT—the custodial basis, to facilitate
the identification of operators that preserve/violate the custodial symmetry. Using this basis,
we then identify the operators that can/cannot be possibly generated by integrating out
custodial symmetric UV sectors.
Our presentation of the operator basis largely follows [30, 41, 50, 51], extended to in-
clude right-handed neutrinos [52]. As preparation, we first present in Table C.1 all of the
independent baryon-preserving operators in the Warsaw basis for νSMEFT (suppressing fla-
vor indices).5 In addition to the 76 = 42 + (17 + h.c.) SMEFT operators that we show in
black color, there are 25 = 7 + (9 + h.c.) new operators involving right-handed neutrinos
ν that we show in blue color to allow for an easy recognition. Reducing νSMEFT back to
SMEFT is straightforward by restricting appropriate Wilson coefficients to zero, which we
show in Table C.6.
Now we build the custodial basis. Our basic approach is to recombine the Warsaw ba-
sis operators Qi such that their transformation properties under the global SU(2)RH and
isospin symmetries SU(2)RqR , SU(2)RlR become manifest, similar to what we did for νSM in
Eqs. (2.14) and (2.15). Performing this recombination for all of the operators in Table C.1, we
arrive at our custodial basis operators Oi summarized in Table C.2. An explicit translation
dictionary between the two operator bases is further given in Table C.3. Many operators do
not change in going from the Warsaw basis to the custodial basis. In particular, operators
built purely out of SU(2)R-singlets translate trivially. All operators that involve exclusively
the left-handed fermion fields of the SM fall into this category. On the other hand, significant
differences from the Warsaw basis can be observed in the operators involving the right-handed
fermion fields.
5For easy reading/contrasting, we have gathered all of the tables of operator bases and the relevant trans-
lation dictionaries in App. C.
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From the translation dictionary in Table C.3, we can also easily determine the correspond-
ing relations between the Wilson coefficients in these two bases:
LEFT − LSM =
∑
i
aiOi =
∑
i
CiQi . (3.1)
We provide explicit translation dictionaries between the Wilson coefficients in Tables C.4
and C.5. Note that we have absorbed the scale suppressing the Qi and Oi into the Wilson
coefficients, making them dimensionful [Ci] = [ai] = −2. This is a bit unconventional, but
it compactifies the notation. One can express our results in terms of dimensionless Wilson
coefficients and a new physics scale Λ by replacing Ci → C˜i/Λ2, ai → a˜i/Λ2 everywhere.
We now wish to identify operators in Table C.2 that can/cannot be possibly generated
by custodial symmetric UV physics. Recall that in the limit g1 → 0, custodial symmetric
UV physics preserves an SU(2)R symmetry. Consequently, in this limit, only operators that
preserve the same SU(2)R symmetry could be generated by matching (at the leading order).
However, there are four possibilities for this SU(2)R:
1. SU(2)RH .
2. The diagonal subgroup of SU(2)RH × SU(2)RqR .
3. The diagonal subgroup of SU(2)RH × SU(2)RlR .
4. The diagonal subgroup of SU(2)RH × SU(2)RqR × SU(2)RlR .
Therefore, if an operator in Table C.2 preserves any of the four SU(2)R’s above in the limit
g1 → 0, then it can potentially be generated, and should be categorized as a “custodial
preserving operator”. For example, in the limit g1 → 0, the operator
O
(3)+
HlR
≡ tr
(
Σ†iDµΣτaR
) (
l¯Rγ
µτaRP+lR
)
, (3.2)
preserves the diagonal subgroup of SU(2)RH × SU(2)RlR , and hence is a custodial preserving
operator. Note in particular that any operator with an explicit Bµν should be understood as
accompanied by a power of g1. Therefore, in the limit g1 → 0, these operators vanish, and so
they are classified as custodial preserving operators as well.
In Table C.2, we use colors to distinguish custodial preserving and violating operators.
Our convention is:
• We use red color to denote custodial violating operators. They do not preserve any of
the four SU(2)R’s listed above, even in the limit g1 → 0. Generating these operators at
the leading matching order is a sign for hard custodial violation in the UV physics.
• For custodial preserving operators, we largely use black color. However, some custodial
preserving four-quark operators preserves SU(2)RH trivially (due to not involving the
H field), but violate the isospin SU(2)RqR or SU(2)RlR or both. In this case, we use
orange or green color or both to denote them to highlight the isospin violation.
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3.1 Flavor indices of the Wilson coefficients
In Table C.1-Table C.6, we have suppressed all the flavor indices, but it should be understood
that each fermion field actually comes with a generation index, so are the corresponding
Wilson coefficients. For example, the two-fermion operator Q(3)Hl and four-fermion operator
Qll should actually read
Q
(3)
Hl
pr
=
(
H†i
←→
D aµH
) (
l¯pγ
µτalr
)
, (3.3a)
Q ll
prst
=
(
l¯pγµlr
) (
l¯sγ
µlt
)
. (3.3b)
The EFT Lagrangian therefore has a sum over these generation indices:
LEFT ⊃
3∑
p,r=1
C
(3)
Hl
pr
Q
(3)
Hl
pr
+
3∑
p,r,s,t=1
C ll
prst
Q ll
prst
=
3∑
p,r=1
a
(3)
Hl
pr
O
(3)
Hl
pr
+
3∑
p,r,s,t=1
a ll
prst
O ll
prst
. (3.4)
However, we often suppress the flavor indices when it is clear from the context.
As we will see, most four-fermion operators do not contribute to the observables to be
discussed in Sec. 4. However, one exception is the mixed first and second generation four-
lepton operator, which contributes to GˆF . We give this operator a special name for future
convenience:
Q12 ≡
(
l¯1γµl2
) (
l¯2γ
µl1
) ≡ O12 . (3.5)
Clearly, the corresponding Wilson coefficients are related to our general notation as
C12 = C ll
1221
+ C ll
2112
= a ll
1221
+ a ll
2112
= a12 . (3.6)
4 Observables Sensitive to Custodial Symmetry/Violation in (ν)SMEFT
In this section, we study an example set of precision observables that will allow us to identify
whether the UV physics contain hard custodial violation:{
αˆ, GˆF , mˆ
2
Z , mˆ
2
W , ΓˆZνLν¯L , ΓˆZeLe¯L , ΓˆZee¯
}
. (4.1)
In order, these are the (electromagnetic) fine structure constant, the Fermi constant, the pole
masses of Z and W bosons, the partial decay widths of the Z boson to left-handed neutrinos,
left-handed electrons and right-handed electrons.
In what follows, we compute corrections from dim-6 (ν)SMEFT operators to these ob-
servables in Secs. 4.1 and 4.2, at leading matching order (tree level in SMEFT), and then
construct in Sec. 4.3 a T parameter generalization, Tl, from them that serves as an indicator
of custodial violation in general (ν)SMEFT. Reparameterization invariance (RPI) plays an
important role in our construction of Tl, which we will explain in Sec. 4.4. Our “observables”
here refers to quantities that we can calculate in the (ν)SM/(ν)SMEFT that do not depend
on the choice of operator basis, and they can in principle be measured by experiments. Some
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of these observables can be directly measured, such as αˆ, GˆF , mˆ2Z , mˆ
2
W , while others need to
be inferred from other measurements. In Sec. 4.5 we discuss how to extract these observables
from experimental measurements. The observable set chosen in Eq. (4.1) is only a demon-
stration example. There are more observables available in the canonical LEP choice, such as
the hadronic branching ratio, the bottom quark branching ratio, or the total decay width of
Z. We discuss these observables in App. B.
4.1 Observables in the SM
In the SM, the observables in Eq. (4.1) are given by the three Lagrangian parameters g1, g2, v
as6
αˆ SM =
g21g
2
2
4pi
(
g21 + g
2
2
) , (4.2a)
GˆF , SM =
1√
2v2
, (4.2b)
mˆ2Z, SM =
1
4
(
g21 + g
2
2
)
v2 , (4.2c)
mˆ2W , SM =
1
4
g22v
2 , (4.2d)
ΓˆZνLν¯L, SM =
mˆZ, SM
96pi
g22
c2θ
, (4.2e)
ΓˆZeLe¯L, SM =
mˆZ, SM
96pi
g22
c2θ
c22θ , (4.2f)
ΓˆZee¯, SM =
mˆZ, SM
24pi
g22
c2θ
s4θ , (4.2g)
where θ denotes the Weinberg angle
cθ = cos θ ≡ g2√
g21 + g
2
2
, sθ = sin θ ≡ g1√
g21 + g
2
2
. (4.3)
4.2 Observables in SMEFT
Since the SM has only three inputs, the full set in Eq. (4.2) can be completely determined
in terms of any subset of three observables. Typically, the most precisely measured subset
is chosen, {αˆ, mˆ2Z , GˆF } or {mˆ2W , mˆ2Z , GˆF }. Once we include the contributions from SMEFT
operators, three observables are no longer enough, as all of Eq. (4.2) will be polluted with
different combinations of Wilson coefficients Ci. Said another way, it is still possible to swap
out g1, g2 and v for {αˆ, mˆ2Z , GˆF } or {mˆ2W , mˆ2Z , GˆF }, however, in the presence of SMEFT
effects, g1, g2 and v will be functions of Ci rather than numbers fixed by experiment. This Ci
6Throughout this paper, we neglect the lepton masses in Z decay widths.
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dependence is referred to as the “electroweak input shifts” in the literature. The exact form
of the shifts depend on which three observables are used to solve for g1, g2 and v, either the αˆ
scheme ({αˆ, mˆ2Z , GˆF }) or the mˆW scheme ({mˆ2W , mˆ2Z , GˆF })7. In this paper, we will exclusively
use the αˆ scheme. Of course, the input shifts are only one place Wilson coefficients can enter,
as every observable will also carry process-specific factors of Ci depending on the fields and
vertices involved.
Removing {αˆ, mˆ2Z , GˆF }, we are left with four observables:
{
mˆ2W , ΓˆZνLν¯L , ΓˆZeLe¯L , ΓˆZee¯
}
.
To make it easier to spot and quantify the effects from SMEFT, we swap out mˆ2W for the
Veltman ρˆ, and divide all partial widths by their SM values.
ρˆ ≡ mˆ
2
W
mˆ2Z
2
xˆ
(
1−√1− xˆ
)
, (4.4a)
rˆZνLν¯L ≡
24pi√
2GˆF mˆ3Z
ΓˆZνLν¯L , (4.4b)
rˆZeLe¯L ≡
24pi√
2GˆF mˆ3Z (1− xˆ)
ΓˆZeLe¯L , (4.4c)
rˆZee¯ ≡ 24pi√
2GˆF mˆ3Z
(
1−√1− xˆ)2 ΓˆZee¯ , (4.4d)
where we have introduced the convenient combination
xˆ ≡ 2
√
2piαˆ
GˆF mˆ2Z
, with xˆSM = s
2
2θ . (4.5)
The four observables in Eq. (4.4) are unity in SM, but are modified in SMEFT. Because we
are only interested in the corrections from SMEFT at dim-6 level, we only need to keep up to
the linear terms in the Wilson coefficients Ci (see Table C.1 for definitions of Warsaw basis
operators). Assuming universality among fermion generations, we obtain
ρˆ = 1 +
v2
c2θ
[
− 2s2θ
(
cθ
sθ
CHWB + C
(3)
Hl
)
+
1
2
s2θ C12 −
1
2
c2θ CHD
]
, (4.6a)
rˆZνLν¯L = 1 + v
2
[
1
2
C12 − 1
2
CHD − 2C(1)Hl
]
, (4.6b)
rˆZeLe¯L = 1 +
v2
c22θ
[
− 4s2θ
(
cθ
sθ
CHWB + C
(3)
Hl
)
+
1
2
C12 − 1
2
CHD + 2c2θ C
(1)
Hl
]
, (4.6c)
rˆZee¯ = 1 +
v2
c2θ
[
2
(
cθ
sθ
CHWB + C
(3)
Hl
)
− 1
2
C12 +
1
2
CHD − c2θ
s2θ
CHe
]
. (4.6d)
7Discussions of the strengths and weaknesses of the two schemes can be found in [46].
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More details of deriving these results are explained in App. A. We have checked that these
results agree with Ref. [53]. Note that our expression for the Veltman ρˆ in Eq. (4.6a) reduces
to the Peskin-Takeuchi expression in Eq. (1.1b) in the special case of oblique corrections only
where C(3)Hl = C12 = 0, upon identifying
8
αS = 2v2s2θ CHWB , (4.7a)
αT = −1
2
v2CHD , (4.7b)
αU = 0 . (4.7c)
On the other hand, Eq. (4.6) holds for general SMEFT in the Warsaw basis. In addition, these
results apply to SMEFT and νSMEFT alike, since we did not consider observables involving
right-handed neutrinos.9
4.3 Constructing Tl for (ν)SMEFT to replace Peskin-Takeuchi T
In order to work out a replacement of the T parameter in the (ν)SMEFT framework that
serves to identify hard UV custodial symmetry violation, we rewrite the results in Eq. (4.6)
into our custodial basis operators given in Table C.2. This is straightforward, utilizing the
translation relations provided in Table C.5:
ρˆ = 1 +
v2
c2θ
[
2s2θ
(
2cθ
sθ
aHWB − a(3)Hl
)
+
1
2
s2θ a12 − 2c2θ aHD
]
, (4.8a)
rˆZνLν¯L = 1 + v
2
[
1
2
a12 − 2 aHD + 2 a(1)Hl
]
, (4.8b)
rˆZeLe¯L = 1 +
v2
c22θ
[
4s2θ
(
2cθ
sθ
aHWB − a(3)Hl
)
+
1
2
a12 − 2 aHD − 2c2θ a(1)Hl
]
, (4.8c)
rˆZee¯ = 1 +
v2
c2θ
[
− 2
(
2cθ
sθ
aHWB − a(3)Hl
)
− 1
2
a12 + 2 aHD
+
c2θ
s2θ
(
a
(1)+
HlR
− a(1)−HlR − a
(3)+
HlR
+ a
(3)−
HlR
)]
. (4.8d)
8Note that S, T, U are already linear order in the Wilson coefficients, so the further difference between αˆSM
and αˆ in their accompanying coefficients is beyond our SMEFT order. For this reason, we simply write the
multiplying factor as α. The same holds for our generalization T to be presented below.
9In principle, one could also include the partial width ΓˆZνRνR in νSMEFT. However, we cannot construct
a convenient ratio rˆZνRνR , because ΓˆZνRνR vanishes in νSM. Furthermore, the existence of this partial width
also relies on assuming the mass of the right-handed neutrino is below the electroweak scale.
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In the absence of custodial violation, these observables become
ρˆ− 1 −→ v
2
c2θ
[
2s2θ
(
2cθ
sθ
aHWB − a(3)Hl
)
+
1
2
s2θ a12
]
, (4.9a)
rˆZνLν¯L − 1 −→ v2
(
1
2
a12
)
, (4.9b)
rˆZeLe¯L − 1 −→
v2
c22θ
[
4s2θ
(
2cθ
sθ
aHWB − a(3)Hl
)
+
1
2
a12
]
, (4.9c)
rˆZee¯ − 1 −→ v
2
c2θ
[
− 2
(
2cθ
sθ
aHWB − a(3)Hl
)
− 1
2
a12 − c2θ
s2θ
a
(3)+
HlR
]
. (4.9d)
While none of Eq. (4.9) vanish in the custodially symmetric limit, the first three observables are
governed by only two independent combinations of (custodial symmetric) Wilson coefficients.
Therefore, it is easy to identify the following linear combination that vanishes when there is
no custodial violation:
(ρˆ− 1) + 1
2
(rˆZνLν¯L − 1)−
1
2
c2θ (rˆZeLe¯L − 1) −→ 0 . (4.10)
Therefore, this combined observable can serve as an indicator of our custodial symmetry/violation.
Going back to the general (ν)SMEFT case where custodial violation is present, we see from
Eqs. (4.6) and (4.8) that this combined observable is given by
(ρˆ− 1) + 1
2
(rˆZνLν¯L − 1)−
1
2
c2θ (rˆZeLe¯L − 1)
= −1
2
v2
[
CHD + 4C
(1)
Hl
]
= −2v2
[
aHD − a(1)Hl
]
≡ αTl . (4.11)
We hence define the Wilson coefficients combination in the second line as αTl — a gener-
alization of the Peskin-Takeuchi T parameter that is valid for general (ν)SMEFT (written
in appropriate basis, i.e. Warsaw or our custodial basis). Clearly, in the special case of just
oblique corrections, C(1)Hl = 0, our αTl reduces back to Eq. (4.7b).
We see from the above that if there is no custodial violation, aHD = a
(1)
Hl = 0, then Tl = 0.
However, the converse is not true. Custodial violation can conspire to yield a vanishing Tl.
This is a limitation of our example set of observables chosen in Eq. (4.1). As we will explain
in Sec. 4.4, adding more observables does not resolve this issue until we move beyond 2 → 2
fermion experiments .
Our generalization above is named Tl and not just T . This is because, in the presence of
non-oblique corrections, one can in fact construct different generalizations of the T parameter
with different flavors of fermions. Our construction above used lepton partial widths of the Z
boson, and hence the name Tl. We will discuss quark generalizations Tq and TqR in App. B.
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4.4 The role of RPI in SMEFT
The first three observables in Eq. (4.9) depend on three custodial symmetric Wilson coefficients
aHWB, a
(3)
Hl , and a12, so in general one would not expect a linear relation among them like
Eq. (4.10). From this point of view, it seemed that we were lucky to have the two Wilson
coefficients aHWB and a
(3)
Hl feeding into Eq. (4.9) only as a single linear combination[
2cθ
sθ
aHWB − a(3)Hl
]
= −
[
cθ
sθ
CHWB + C
(3)
Hl
]
. (4.12)
In fact, this grouping was inevitable due to an important property of the observables that
we consider—the reparameterization invariance (RPI) when restricting to observables that
only involve 2 → 2 fermion experiments [46]. Observables in 2 → 2 fermion experiments do
not receive contributions from the following two operators outside the Warsaw basis:
ig2 (D
µH)† τa (DνH)W aµν , (4.13a)
ig1 (D
µH)† (DνH)Bµν . (4.13b)
These two operators are equivalent to two linear combinations of Warsaw basis operators,
which are hence two free directions that one can shift the Warsaw basis Wilson coefficients
without affecting the 2 → 2 fermion observables. These are known as RPI shifts in SMEFT
[46].
In terms of the Wilson coefficients relevant for Eq. (4.6), these RPI shifts are(
CHWB
C
(3)
Hl
)
→
(
CHWB
C
(3)
Hl
)
+ W
(− tan θ
1
)
, (4.14a)

CHWB
CHD
C
(1)
Hl
CHe
→

CHWB
CHD
C
(1)
Hl
CHe
+ B

cot θ
−4
1
2
 , (4.14b)
where W and B are arbitrary coefficients. The first shift above is especially strong, as there
are only two Wilson coefficients involved. Staring at Eq. (4.14a), one can see that the only
RPI combination of CHWB and C
(3)
Hl is what appears in Eq. (4.12). This explains why each
of our observable’s dependence on CHWB in Eq. (4.6) arises as this RPI combination.
Of course, one can also check that each of our observable’s expression in Eq. (4.6) satisfies
the second RPI above [Eq. (4.14b)] as well. In fact, if one were to solve the six unknown Wilson
coefficients in Eq. (4.6) from the four equations given measured values of the four observables,
one would find precisely Eq. (4.14) as the two undetermined directions. This means that our
example set of observables chosen in Eq. (4.1) saturates the resolving ability of 2→ 2 lepton
observables—no undetermined directions remain beyond the RPI shifts. Therefore, adding
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more 2 → 2 fermion observables to Eq. (4.6), such as W decay widths, would not help pin
down the Wilson coefficients.
Finally, we emphasize that our Tl is also an RPI combination, because it is constructed
in Eq. (4.11) with RPI observables. This can be readily checked against Eq. (4.14). On the
other hand, Tl is not the only SMEFT RPI generalization of the Peskin-Takeuchi T parameter;
there are other Tf that can be constructed with hadronic widths of the Z boson, as we will
show in App. B.
4.5 Experimental measurements of our observables
We have presented our results in terms of the observables{
ρˆ, ΓˆZνLν¯L , ΓˆZeLe¯L , ΓˆZee¯
}
, (4.15)
and an additional set of hadronic observables in App. B. Let’s now consider how to extract
these observables from experimental measurements:
• We need the accurately measured αˆ, GˆF , mˆ2Z as basic inputs.
• The observable ρˆ requires a measurement of mˆ2W .
• The widths
{
ΓˆZeLe¯L , ΓˆZee¯
}
are not directly measured in practice. Instead, we extract
them from the measurements on the total partial width ΓˆZeLe¯L + ΓˆZee¯ and the forward-
backward asymmetry Aˆ0,eFB. Direct measurements of the angular distributions of e
+e− →
e+e− on Z resonance can determine Aˆ0,eFB [1].
• The total partial width into electrons ΓˆZeLe¯L + ΓˆZee¯ is not directly measured either.
Instead one uses measurements of the total rate e+e− → e+e− on Z resonance as well
as the total width of Z boson, ΓZ , determined by separate measurements scanning the
lineshape of e+e− → hadrons [1].
• The partial width of Z into neutrinos must be inferred by subtracting the measured
contributions of the Z partial widths from the measured total width ΓZ [1]. For this
presentation, we assume flavor universality and neglect the masses of the quarks and
leptons. The Z partial width into neutrinos is
3ΓˆZνLν¯L = ΓZ − ΓˆZll − ΓˆZqq , (4.16)
where we emphasize the observable we have used throughout this paper, ΓˆZνLν¯L , is
the width into just one generation of neutrinos, and ΓˆZll, ΓˆZqq are the measured decay
widths of Z into leptons and hadrons respectively.
We are finally in a position to evaluate Eq. (4.11) using experimental data on our ob-
servables as determined above. If one were to evaluate this expression using experimental
measurements matched to just the tree-level relations, one would obtain a sizable numerical
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difference from zero. This is not surprising, since the Weinberg angle determined from the
Veltman ρˆ differs substantially from the Weinberg angle determined from the charged lepton
asymmetries [20]. The main source of the discrepancy is the one-loop contribution from the
top quark to the W and Z self-energies. Including this loop contribution to the Veltman ρˆ
parameter will cause the numerical evaluation of Tl to be nearly 0 within experimental errors.
The more important quantity is thus the experimental error, i.e. sensitivity, on Tl. This is
determined by including the errors on all of the experimental inputs ρˆ, rˆZνLν¯L , and rˆZeLe¯L .
The least well measured observable is rˆZeLe¯L , and thus the experimental error on this quantity
dominates the constraint on the custodial violating contribution −2v2
[
aHD − a(1)Hl
]
. We find
−2v2
[
aHD − a(1)Hl
]
' 0± 0.003 , (4.17)
which implies, in the absence of an accidental cancellation,
ΛCV ≡ 1√
2 |aHD − a(1)Hl |
' 3.1 TeV . (4.18)
This is much smaller than the scale that would be deduced by doing a global fit to S, T pa-
rameters under the assumption that the new physics contributes only to oblique corrections
ΛPDGCV ' 6.6 TeV [20].10 This simple analysis illustrates that “maximal” custodial violation
(tree-level contributions to aHD−a(1)Hl) is allowed by precision electroweak data with a consid-
erably lower scale of new physics than would be deduced under the assumption of oblique-only
contributions.
5 Custodial Violating Complications from EOM Redundancies
There is an intuitive but crucial assumption underlying our analysis in Sec. 4, as was estab-
lished in Sec. 3:
• When the UV sector is custodial symmetric, any EFT operators generated by matching
would preserve the identified custodial SU(2)R in the limit g1 → 0, and therefore all
the custodial violating operators in our custodial basis (red operators in Table C.2) are
absent.
Interestingly, this is NOT completely true. Only the first half of the above statement is true;
while the second half can be invalidated by the EOM redundancies in (ν)SMEFT.
After integrating out a custodial symmetric UV sector, the resulted EFT operators have
to be custodial SU(2)R-singlets (in the limit g1 → 0), but may lie outside of an arbitrarily
chosen operator basis. In order to present the entire EFT in the Warsaw/custodial basis, one
may need to apply redundancy relations to trade outside operators into linear combinations
10The number was obtained by taking the upper and lower bounds on T from the 90% S-T ellipse presented
in PDG.
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of Warsaw/custodial basis operators. While IBP and Fierz redundancies do not change the
SU(2)R preserving/violating nature of operators, the EOM redundancies may mix operators
that preserve the custodial SU(2)R with those that do not, because (ν)SM Yukawa couplings
break it. As a result, the linear combinations traded from outside operators may contain
red operators in our custodial basis in Table C.2.
To better illustrate this issue, we take a closer look at a specific example that we will
actually encounter later in some of our example UV theories in Sec. 6. Consider the operator
QR ≡ |H|2|DH|2. Upon taking the limit g1 → 0, this operator preserves the global symmetry
SU(2)RH . Therefore, according to our discussions in Sec. 3, it can be possibly generated
by custodial symmetric UV sectors. For example, it is indeed generated at tree-level by
integrating out a heavy W ′L gauge boson, as we will see in Sec. 6.2. The problem, however,
is that QR does not belong to the Warsaw/custodial basis; we need to use IBP and Higgs
EOM redundancy relations to trade it into Warsaw/custodial basis operators. From the νSM
Lagrangian given in Eqs. (2.2) and (2.3), we obtain the Higgs EOM relation
H†D2H + h.c. = 2λv2|H|2 − 4λ|H|4 −
(
Yuq¯H˜u+ Ydq¯Hd+ Yν l¯H˜ν + Ye l¯He+ h.c.
)
. (5.1)
Note that in order to make the expression compact, we have multiplied the EOM by H† from
the left and also added its hermitian conjugate. Combining this with IBP, we can convert QR
into
QR = |H|2 |DH|2 ≡ 2λQH + 1
2
QH +
1
2
QY − λv2|H|4 , (5.2)
where we have defined the operator combination
QY ≡ YuQuH + YdQdH + YνQνH + YeQeH + h.c.
=
1
4
[
(Yu + Yd)O
+
qH + (Yu − Yd)O−qH + (Yν + Ye)O+lH + (Yν − Ye)O−lH
]
+ h.c. . (5.3)
Due to the Yukawa mismatch Yu 6= Yd and Yν 6= Ye, this combination contains custodial
violating operators O−qH and O
−
lH . We see that once traded into Warsaw/custodial basis,
the SU(2)RH preserving operator QR corresponds to a mixture of custodial preserving and
violating operators in our custodial basis. This is a consequence of applying Higgs EOM
redundancies relations in Eq. (5.1), which breaks SU(2)RH .
5.1 Robustness of our observables and Tl parameter
Our observable results given in Eq. (4.9) assumed the presence of only custodial preserving
operators in our custodial basis. Now, given that custodial violating operators could also
appear from EOM redundancies, our analysis in Sec. 4 is potentially incomplete. In this
section, we show that this EOM subtlety does not affect our results in Sec. 4, provided we
restrict to tree-level matching.
As was originally worked out in [47, 48], and recently emphasized and generalized by [49],
only a small subset of dim-6 SMEFT operators can be generated by tree-level matching.11 In
11Note that this argument is not limited to the Warsaw basis operator set.
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Total H4D2 ψ¯ψH2D H2D4 ψ¯ψD3 ψ¯ψXD ψ¯ψHD2
38 1 8 1 4 8 16
Table 1. Custodial SU(2)R invariants outside of Warsaw basis, which could yield custodial violating
operators in Warsaw basis upon using H and ψ EOM redundancies.
particular, dim-6 operators with field strengths Xµν cannot be generated at tree-level. This
immediately removes the EOMs for gluons, W boson, and B boson out of consideration. So
the only potentially problematic EOMs are those for the Higgs H and the fermions ψ.
Next, let us find all the νSMEFT dim-6 custodial SU(2)R-singlet operators containing an
EOM factor of H or ψ, i.e. containing D2H, /Dψ, or /Dψ¯. Using the Hilbert series technique
[32–36], with these EOM redundancy relations relaxed,12 we find that there are 38 additional
real custodial SU(2)R-singlets outside of Warsaw basis. They can be divided into six classes
according to the field content, as listed in Table 1.
When restricted to tree-level matching, again due to the argument given in [47–49], only
the first two classes in Table 1, i.e. H4D2 and ψ¯ψH2D, can be generated. Let us examine what
red operators in our Table C.2 can be obtained from trading these two classes of operators
into the Warsaw/custodial basis. They contain nine operators, which are nothing but the
νSMEFT “kinetic terms” multiplied by |H|2:
|H|2 |DH|2 , (5.4a)
|H|2 ψ¯i /Dψ + h.c. , with ψ = q, l, qR, lR . (5.4b)
We already analyzed the first operator above, and showed the result of transforming it into
the Warsaw basis through EOM in Eqs. (5.2) and (5.3). The second operator transformed
into the Warsaw basis becomes
|H|2q¯i /Dq = YuQuH + YdQdH , for ψ = q , (5.5)
and similarly for the others. We see that the custodial violating operators obtained through
this procedure are all in “class 5” of Table C.1: ψ¯ψH3. However, it is clear from Eq. (4.6) that
none of these operators would feed into the observables discussed in Sec. 4, even when they
are present.13 Therefore, our results in Eq. (4.9) stand, and hence the subsequent analysis
presented in Sec. 4, provided that we limit ourselves to tree-level matching.14
12This can be achieved by taking H, ψ, and ψ¯ (and their descendants) as “long representations” of the
conformal group, as opposed to “short representations”. See [36] for details.
13Recall that we have neglected the fermion masses in the decay widths.
14Amusingly, the argument here can also be recast into a (new) reparameterization invariance relation among
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6 Application to UV Theories with Custodial Symmetry/Violation
In this section, we examine several UV theories and demonstrate that our Tl parameter is
sensitive to (hard) custodial symmetry/violation. We consider in Sec. 6.1 a real triplet scalar;
in Sec. 6.2 a heavyW ′L from embedding SU(2)L into SU(2)A×SU(2)B; in Sec. 6.3 a heavy Z ′
from a spontaneously broken U(1)B−L theory; in Sec. 6.4 heavyW ′’s and Z ′’s from embedding
the electroweak group into SU(2)L × SU(2)R × U(1)B−L; and finally in Sec. 6.5 two heavy
vector-like fermions transforming as SU(2)L-singlets. Several highlights of the lessons that we
will learn from these UV examples:
• Our Tl parameter works perfectly for all of these examples. When the UV sector is
custodial symmetric or violating, our Tl will be zero or nonzero accordingly.
• The heavy W ′L example in Sec. 6.2 reminds us that the Veltman ρˆ can possibly deviate
from unity in the case of custodial symmetric UV physics.
• The vector-like fermions theory discussed in Sec. 6.5 serve as a striking example that
our new Tl parameter captures non-oblique custodial violation of the UV theory while,
unsurprisingly, the Peskin-Takeuchi T parameter fails to do so.
6.1 Triplet scalar extension
The first UV example we consider is the well studied SM extension by a real SU(2)L-triplet
scalar φa; see e.g. [54–59]. The most general renormalizable Lagrangian for this model is
LUV = LSM + 1
2
(Dµφa) (Dµφ
a)− 1
2
M2φaφa −AH†taHφa − κ|H|2φaφa − λφ(φaφa)2 . (6.1)
This UV theory has (hard) custodial violation due to the interaction term H†taHφa. It is
well known that this custodial violation shows up already at tree-level in the EFT. In what
follows below, we check that our new Tl parameter captures this effect.
SU(2)R-singlet operators, in the same spirit as that in Ref. [46] (see our discussion in Sec. 4.4). For example,
let us rearrange the EOM relation in Eq. (5.2) as
QY = 2QR − 4λQH −QH + 2λv2|H|4 .
When restricted to Z-pole observables and also neglecting the fermion masses as in Sec. 4, the LHS does not
contribute, and so neither does the RHS. Therefore, the combination on the RHS is a free direction that can
be viewed as a new set of RPI shifts among SU(2)R-singlets. In this language, when the outside operator QR
is generated, one can use this new RPI shift to trade it for other SU(2)R-singlets, which will then be in our
Warsaw/custodial basis.
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Integrating out φa at tree level, we obtain a SMEFT up to dim-6
LSMEFT = LSM + A
2
8M2
|H|4 − κA
2
4M4
QH − A
2
2M4
(
1
4
QH +QHD −QR
)
= LSM + A
2
8M2
(
1− 4λv
2
M2
)
|H|4
− A
2
4M4
(κ− 4λ)QH − A
2
2M4
(
−1
4
QH +QHD − 1
2
QY
)
. (6.2)
As expected, the custodial violating operator QHD is generated. We also see the appearance
of the operator QR which is outside of the Warsaw basis. In the second line, we have traded it
into combinations of Warsaw basis operators using Eq. (5.2), and hence obtained an additional
custodial violating operator QY (see Eq. (5.3) for definition). Reading off the Warsaw basis
Wilson coefficients Ci from the above and translating to our custodial basis ai using Table C.4,
we obtain
aH = − A
2
32M4
(κ− 4λ) , (6.3a)
aH =
A2
4M4
, (6.3b)
aHD = − A
2
8M4
, (6.3c)
a±lH =
A2
16M4
(Yν ± Ye) , (6.3d)
a±qH =
A2
16M4
(Yu ± Yd) . (6.3e)
Note that in addition to the aHD, the “class 5” (see Table C.2) custodial violating operators
a−lH and a
−
qH also show up due to the EOM subtlety discussed in Sec. 5, but as explained in
Sec. 5.1, they do not invalidate our analysis.
Now using our definition in Eq. (4.11), we obtain
αTl = −2v2
[
aHD − a(1)Hl
]
=
v2A2
4M4
6= 0 . (6.4)
We see that our Tl parameter captures the hard custodial violation. Since there is no vertex
correction in this example [see the first line of Eq. (6.2)], our Tl reduces to Peskin-Takeuchi
T parameter as explained before. So they work equally well in this case.
6.2 A heavy W ′L gauge boson
In this section, we consider a UV theory of embedding the SU(2)L of the SM into SU(2)A ×
SU(2)B. Specifically, the gauge sector of the UV Lagrangian is
LUV ⊃ −1
4
W aAµνW
aµν
A −
1
4
W aBµνW
aµν
B +
1
2
tr
[
(DµΦ)† (DµΦ)
]
− VΦ , (6.5)
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where the heavy scalar field Φ is a 2 × 2 matrix that transforms as a bifundamental under
(UA, UB) ∈ SU(2)A × SU(2)B:
Φ→ UA ΦU †B . (6.6)
Therefore, the concrete form of its covariant derivative is
DµΦ = ∂µΦ− igAW aAµtaΦ + igBΦW aBµta , (6.7)
with ta = 12σ
a the SU(2) generators in the fundamental representation.
The symmetry SU(2)A × SU(2)B is spontaneously broken by the vev of the heavy scalar
field:
Φ ⊃ vΦ√
2
(
1 0
0 1
)
. (6.8)
The unbroken group is the diagonal SU(2) formed by the generators taA+t
a
B, which we identify
as our SU(2)L group in the SM. The corresponding gauge boson is the W boson. For the
broken generators, the corresponding gauge boson W ′L acquire mass from vΦ:
1
2
tr
[
(DµΦ)† (DµΦ)
]
⊃ 1
8
v2Φ
(
gAW
aµ
A − gBW aµB
) (
gAW
a
Aµ − gBW aBµ
)
=
1
8
v2Φ
(
g2A + g
2
B
)
W ′L
aµ
W ′L
a
µ . (6.9)
We see that m2W ′L =
1
4
(
g2A + g
2
B
)
v2Φ, and
W ′L
a
µ ≡
1√
g2A + g
2
B
(
gAW
a
Aµ − gBW aBµ
)
, (6.10a)
W aµ ≡
1√
g2A + g
2
B
(
gBW
a
Aµ + gAW
a
Bµ
)
. (6.10b)
With the above rotation, we can rewrite the general covariant derivative as
Dµ = ∂µ − igAW aAµtaA − igBW aBµtaB
= ∂µ − ig2W aµ (taA + taB)− iW ′Laµ
 g2A√
g2A + g
2
B
taA −
g2B√
g2A + g
2
B
taB
 , (6.11)
with the SM gauge coupling g2 = gAgB√
g2A+g
2
B
identified.
For the UV interactions between the gauge sector in Eq. (6.5) and the SM fields, we
assume thatWA plays the role ofW before the symmetry breaking, namely that the SM fields
couple to WA exactly the way they couple to the W boson in SM, and do not couple to WB
at all.15 This means that for nontrivially SU(2)L-charged SM fields, taA 6= 0 but taB = 0. From
Eq. (6.11), we see that after the symmetry breaking, the SM fields couple to both W and W ′L.
15While this is the simplest coupling scheme, it is also possible to split the left-handed fermion generations
between coupling to WA and coupling to WB . In this case, after the SU(2)A × SU(2)B → SU(2)L breaking
all left handed fermions will couple as usual to WL but the interactions with W ′L will be flavor-dependent.
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In the following, we will match this UV theory onto SMEFT by integrating out the
heavy W ′L gauge boson at the tree level. As is clear from the setup, the UV interactions
in this example respect the symmetry SU(2)RH (as well as the other SU(2)R symmetries
discussed in Sec. 2), and hence are custodial symmetric by our definition. We therefore expect
a vanishing Tl in the resulting EFT.
Up to linear power in W ′L, the UV interaction is
LUV ⊃ g
2
A√
g2A + g
2
B
W ′L
a
µJ
aµ
W , (6.12)
where JaµW denotes the SM SU(2)L current:
JaWµ =
1
2
H†i←→D aSM, µH +∑
ψ
ψ¯γµτ
aψ
 . (6.13)
Integrating out W ′L at tree level, we obtain a SMEFT up to dim-6 as
LSMEFT = − g
4
A
g2A + g
2
B
1
2m2
W ′L
JaWµJ
aµ
W = −
2c4A
v2Φ
JaWµJ
aµ
W , (6.14)
where we have defined the mixing angle cA ≡ gA√
g2A+g
2
B
. Clearly, this EFT Lagrangian preserves
SU(2)RH . Plugging in Eq. (6.13), we obtain
LSMEFT = −c
4
A
v2Φ
[
1
2
QR +
1
8
QH +Q
(3)
Hl +Q
(3)
Hq +
1
2
Qll +
1
2
Q(3)qq +Q
(3)
lq
]
= −c
4
A
v2Φ
[
λQH +
3
8
QH +
1
4
(YuQuH + YdQdH + YνQνH + YeQeH + h.c.)
+Q
(3)
Hl +Q
(3)
Hq +
1
2
Qll +
1
2
Q(3)qq +Q
(3)
lq
]
. (6.15)
From the first line above, we see that all the effective operators are SU(2)RH preserving, as
expected from Eq. (6.14). However, in the second line, the SU(2)RH breaking operator QY
(see Eq. (5.3) for definition) shows up, due to trading QR for operators in the Warsaw basis
using Eq. (5.2). Reading off the Warsaw basis Wilson coefficients Ci from the above and
translating to our custodial basis ai using Table C.4, we obtain
aH = −c
4
A
v2Φ
1
8
λ
aH = −c
4
A
v2Φ
3
8
,

a±lH = −
c4A
v2Φ
1
16
(Yν ± Ye)
a±qH = −
c4A
v2Φ
1
16
(Yu ± Yd)
, (6.16a)
a
(3)
Hl = a
(3)
Hq = 2all = 2a
(3)
qq = a
(3)
lq = −
c4A
v2Φ
. (6.16b)
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Again, we find the appearance of the “class 5” (see Table C.2) custodial violating operators
a−lH and a
−
qH , as expected from the EOM subtlety discussed in Sec. 5. Nevertheless, they do
not invalidate our analysis because they do not feed into our observables discussed in Sec. 4,
as we explained in Sec. 5.1.
From the Wilson coefficients above and Eq. (4.11), it is straightforward to see that Tl
vanishes:
αTl = −2v2
[
aHD − a(1)Hl
]
= 0 , (6.17)
which demonstrates the consistency with the UV physics being custodial symmetric.
As a side note, this example also reminds us that the Veltman ρˆ can deviate from 1 in
the presence of custodial symmetric UV physics.16 To see this point, we can compute ρˆ with
Eq. (4.8). However, we first need to extract the a12 [defined in Eq. (3.6)] from the all result
above. To do so, we restore the generation indices in Qll from Eq. (6.14):
LSMEFT ⊃ − c
4
A
2v2Φ
3∑
p,r=1
(
l¯pγµτ
alp
) (
l¯rγ
µτalr
)
. (6.18)
To make this into the form of Q ll
prst
, we need to also restore the SU(2)L indices being con-
tracted, and use the group identity:
τaijτ
a
kl = 4
(
1
2
δilδjk − 1
4
δijδkl
)
. (6.19)
Substituting this in, we get
LSMEFT ⊃ − c
4
A
2v2Φ
3∑
p,r=1
(
l¯ipγµτ
a
ijl
j
p
) (
l¯krγ
µτakll
l
r
)
= − c
4
A
2v2Φ
3∑
p,r=1
[
2
(
l¯ipγµl
j
p
) (
l¯jrγ
µlir
)− (l¯ipγµlip) (l¯jrγµljr)]
= − c
4
A
2v2Φ
3∑
p,r=1
[
2
(
l¯pγµlr
) (
l¯rγ
µlp
)− (l¯pγµlp) (l¯rγµlr)] . (6.20)
To obtain the last line above, we have used Fierz identity for the first term in the square
brackets, and then suppressed the SU(2)L indices as usual. Now we can read off the Wilson
coefficient with generation indices:
a ll
prst
= − c
4
A
2v2Φ
(2δptδrs − δprδst) . (6.21)
Now from Eq. (3.6) we get
a12 = a ll
1221
+ a ll
2112
= −2c
4
A
v2Φ
. (6.22)
16This issue is unfortunately quite confusing in the PDG, which suggests ρˆ 6= 1 implies custodial symmetry
violation [20], which is not correct in general.
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Plugging all the relevant Wilson coefficients into Eq. (4.8), we obtain ρˆ as
ρˆ = 1 +
v2
c2θ
[
2s2θ
(
2cθ
sθ
aHWB − a(3)Hl
)
+
1
2
s2θ a12 − 2c2θ aHD
]
= 1 +
s2θ
c2θ
c4Av
2
v2Φ
6= 1 . (6.23)
Note that ρˆ 6= 1 in this example is from the non-oblique corrections a(3)Hl and a12. On the
other hand, aHD = aHWB = 0, so a naive implementation of Eqs. (1.1b) and (4.7) would
misleadingly predict Veltman ρˆ = 1. This highlights one limitation of the oblique framework
(although this is not about custodial symmetry).
In fact, the UV theory in this example is actually a “universal theory”, in the sense
that one can find an operator basis (different from Warsaw/custodial basis) in which all the
effective operators are oblique corrections. Concretely, the SMEFT Lagrangian we obtained in
Eq. (6.14) can be fully written into a single effective operator
(
DµW aµν
)2 by using the SM W
boson EOM, which is then obviously oblique (only contributing to two-point function of the
W boson). However, even in case of a universal theory, finding the desired basis and working
out the oblique parameters in that basis requires additional effort, and must again be done on
a case-by-case basis. On the other hand, restricting to the Warsaw basis and accommodating
the non-oblique corrections provides a more systematic approach.
6.3 A heavy Z ′ associated with the U(1)B−L symmetry
In this section, we consider a UV model with a heavy Z ′ gauge boson, associated with the
U(1)B−L symmetry in SM (see, e.g., Ref. [60]). This classical symmetry can be broken at the
quantum level through triangle anomalies. To consistently gauge the symmetry, one has to
ensure that the triangle anomaly contributions from different fermion species are cancelled.
This can be simply achieved by introducing three SM-singlet right-handed neutrinos ν, a
requirement that is satisfied automatically by νSM and νSMEFT.
Assuming that this U(1)B−L gauge boson Z ′ couples to the B−L current jB−L ≡ jB−jL
through a coupling 12gZ , our UV Lagrangian is
17
LUV = LSM − 1
4
Z ′µνZ
′µν +
1
2
M2Z ′µZ
′µ + gZZ ′µ
∑
ψ=q,u,d,l,ν,e
ψ¯γµy′ψψ . (6.24)
Here the specific values of the charge y′ψ =
1
2(B − L) are
y′q = y
′
u = y
′
d =
1
6
≡ y′1 for quarks , (6.25a)
y′l = y
′
ν = y
′
e = −
1
2
≡ y′2 for leptons . (6.25b)
17In principle, our U(1)B−L gauge boson Z′B−L can also mix with the hypercharge gauge boson B through a
coupling 1
2
BµνZ′µν . We set this coupling to zero for simplicity in this UV theory example. This is legitimate
in our analysis as we only focus on the tree-level matching and neglect radiative effects.
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We have also assumed that the Z ′ has a large mass M  v. This can be acquired through
the Higgsing from a heavy scalar in the UV which only couples to Z ′, or via a Stüeckelberg
mechanism which allows M to be a free parameter in the model.
This example is trivially custodial symmetric by our definition, because the UV interac-
tions do not involve the SM Higgs, and hence the SU(2)RH symmetry is trivially preserved.
The νSMEFT side of the story is similarly trivial. Only operators not involving the Higgs
field can be generated at the tree level (the four-fermion operators in this case, as we will see);
they are custodial preserving operators due to trivially respecting SU(2)RH . In particular,
no red operators can be possibly generated by this example, so we can already get Tl = 0
without carrying out the matching calculation.
Nevertheless, this example is still interesting, because apart from the custodial symmetry
(which must involve SU(2)RH ; see Sec. 2.4), our custodial basis also helps making manifest
the operator structure under the isospin symmetries SU(2)RqR and SU(2)RlR . The UV inter-
actions in Eq. (6.24) with the charges given in Eq. (6.25) clearly also preserve these two isospin
symmetries. Below, we will check that no orange or green operators will be generated in the
resulting νSMEFT.
Integrating out the Z ′ at tree-level, we obtain the νSMEFT Lagrangian
LνSMEFT = − g
2
Z
2M2
 ∑
ψ=q,u,d,l,ν,e
ψ¯γµy
′
ψψ
 ∑
ψ=q,u,d,l,ν,e
ψ¯γµy′ψψ
 . (6.26)
We see that only four-fermion operators of the type (L¯L)(L¯L), (R¯R)(R¯R), and (L¯L)(R¯R) are
generated. In Warsaw basis, the Wilson coefficients can be summarized as
C
(1)
ud = C
(1)
qu = C
(1)
qd = 2C
(1)
qq = 2Cuu = 2Cdd = −
g2Z
2M2
2(y′1)
2 , (6.27a)
Cνe = Clν = Cle = 2Cll = 2Cνν = 2Cee = − g
2
Z
2M2
2(y′2)
2 , (6.27b)
C
(1)
lq = Cνu = Cνd = Ceu = Ced = Clu = Cld = Cqν = Cqe = −
g2Z
2M2
2y′1y
′
2 . (6.27c)
Transforming to our custodial basis defined in Table C.2 (again by applying the dictionary in
Table C.4), we see that the only nonzero Wilson coefficients are those preserving both of the
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isospin symmetries SU(2)RqR × SU(2)RlR :

all = − g
2
Z
2M2
(y′2)2
a
(1)
qq = − g
2
Z
2M2
(y′1)2
a
(1)
lq = −
g2Z
2M2
2y′1y′2
,

a++lRlR = −
g2Z
2M2
(y′2)2
a
(1)++
qRqR = −
g2Z
2M2
(y′1)2
a
(1)++
lRqR
= − g
2
Z
2M2
2y′1y′2
,

a+llR = −
g2Z
2M2
2(y′2)2
a+lqR = −
g2Z
2M2
2y′1y′2
a+qlR = −
g2Z
2M2
2y′1y′2
a
(1)+
qqR = −
g2Z
2M2
2(y′1)2
. (6.28)
No orange or green operators in our Table C.2 is generated, consistent with what we expected
from the UV physics.
6.4 Heavy W ′s and Z ′s from a UV theory with SU(2)L × SU(2)R × U(1)B−L
In this section, we consider a simple custodial symmetric UV embedding of the electroweak
sector, by promoting the electroweak gauge symmetry to SU(2)L×SU(2)R×U(1)B−L, which
we hence refer to as the 2-2-1 model. The covariant derivative is now
Dµ = ∂µ − igW aµ ta − igRRaµtaR − igKy′Kµ . (6.29)
withRaµ,Kµ the gauge bosons and taR, y
′ the corresponding generators for SU(2)R and U(1)B−L.
Note that the gauge coupling gR forces the three different SU(2)R symmetries in νSM to be
the same; or in other words, it breaks them down to the diagonal subgroup of SU(2)RH ×
SU(2)RqR × SU(2)RlR .
In order to break the enlarged symmetry SU(2)L×SU(2)R×U(1)B−L down to electroweak
symmetry at low energy, we introduce a new heavy scalar field Φ, which is an SU(2)R-doublet
with y′Φ =
1
2 and SU(2)L-singlet. Upon acquiring a vev
Φ ⊃ 1√
2
(
0
vφ
)
, (6.30)
it breaks SU(2)R × U(1)B−L to U(1)Y , with the hypercharge y = t3R + y′.18 In this example,
the custodial symmetry is an exact symmetry respected by the UV theory at the high energy
scale. However, it is spontaneously broken at the scale vφ. Once we integrate out the heavy
gauge bosons and Φ, this vφ gives rise to (all) the custodial violating effects in the resulting
SMEFT, putting the hypercharge part of the dim-4 custodial violations and those at higher
mass dimensions onto the same footing. This is in analogy with the case of MFV [61].19
18The story is completely in parallel with how the SM Higgs H breaks SU(2)L × U(1)Y to U(1)EM , with
electric charge Q = t3 + y.
19Note that this example would not account for the Yukawa-induced custodial violation in the SM.
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The UV sector in this example is
LUV ⊃ −1
4
W aµνW
a,µν − 1
4
RaµνR
a,µν − 1
4
KµνK
µν + |DΦ|2 − VΦ + |DH|2 + ψ¯i /Dψ . (6.31)
Here we have switched off any possible interactions between Φ and H for simplicity, and hence
focus on the effects of integrating out the heavy gauge bosons. After the symmetry breaking,
we can identify the mass eigenstates of the gauge bosons(
Raµ,Kµ
)→ (R±µ , Xµ, Bµ) , (6.32)
among which Bµ remains massless, but R±µ and Xµ obtain masses
m2R =
1
4
g2Rv
2
φ , (6.33a)
m2X =
1
4
(
g2R + g
2
K
)
v2φ . (6.33b)
We then integrate out these heavy gauge bosons (together with the heavy scalar Φ) at tree
level, and obtain the EFT Lagrangian up to dim-6
LEFT = LSM + g
2
R
2m2R
(iDµSMH˜†)H + ∑
ψ=qR,lR
ψ¯γµt−Rψ
H† (iDSM,µH˜)− ∑
ψ=qR,lR
ψ¯γµt
+
Rψ

− g
2
R
2m2Xc
2
R
c2R
2
(
H†i
←→
D µSMH
)
+
∑
ψ=qR,lR
ψ¯γµ
(
t3R − s2Ry
)
ψ

×
c2R
2
(
H†i
←→
D SM,µH
)
+
∑
ψ=qR,lR
ψ¯γµ
(
t3R − s2Ry
)
ψ
 . (6.34)
Here the mixing angle is defined as usual
cR = cos θR ≡ gR√
g2R + g
2
K
, (6.35)
and the SM gauge coupling for hypercharge is recovered as
g21 =
g2Rg
2
K
g2R + g
2
K
. (6.36)
We see from the result in Eq. (6.34) that there are generically custodial violating operators,
such as QHD appearing in the following combinations[(
iDµSMH˜
†
)
H
] [
H†
(
iDSM,µH˜
)]
= QHD −QR , (6.37a)(
H†i
←→
D µSMH
)(
H†i
←→
D SM,µH
)
= QH + 4QHD . (6.37b)
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This is simply a reflection that the SU(2)R is spontaneously broken by vφ. Next, we carry
out the standard routine of expanding the EFT Lagrangian, trading operators outside of our
desired basis (such as QR above) into the Warsaw basis, reading off the Wilson coefficients Ci
and translating them into our custodial basis ai. The end result contains a large set of Wilson
coefficients. The coefficients relevant for computing our observables in Eq. (4.8) are:
aHD = −1
2
a
(1)−
HlR
=
1
2v2φ
(
1− c4R
)
, (6.38a)
a
(1)
Hl = a
(1)+
HlR
=
1
v2φ
s2R c
2
R , (6.38b)
a
(3)+
HlR
=
1
v2φ
. (6.38c)
First we notice the appearance of a(3)+HlR . It is generated because in the 2-2-1 model, the
gauging of SU(2)R reduces the three independent global SU(2)RH × SU(2)RqR × SU(2)RlR
down to one single gauged SU(2)R. In fact, a
(3)+
HqR
and a(3)++lRqR are generated as well, but not
listed above as they do not enter into our observables.
Next, a non-zero aHD and a
(1)
Hl indeed means that the UV theory violates custodial sym-
metry. Plugging Eq. (6.38) into Eq. (4.11), our Tl parameter serves as a good indicator of the
custodial symmetry/violation:
αTl = −2v2
[
aHD − a(1)Hl
]
= −v
2
v2φ
s4R . (6.39)
Clearly, Tl is generically nonzero in the 2-2-1 model. However, fixing g1 and recalling the
relations between g1 and the primordial couplings gR, gK in Eqs. (6.35) and (6.36), there are
two interesting limits: gR  gK and gR  gK .
• In the limit gR  gK , we have gK → g1, gR  g1, and sR → 0. Then, Tl → 0
in this limit. More specifically, the behavior of the custodial violating operators in Tl
are aHD , a
(1)
Hl → g
2
1
v2φ g
2
R
→ 0. Not only are they small but also proportional to the SM
hypercharge coupling g1. This limit is asymptotically custodial symmetric.
• In the limit of gR  gK , we have gR → g1, gK  g1, and sR → 1. We see that αTl →
− v2
v2φ
approaching its maximum size allowed. More specifically, the Wilson coefficient
a
(1)
Hl → g
2
1
v2φ g
2
K
→ 0, while aHD → 12v2φ 6= 0. One may naively think this limit ought to
work precisely as the Z ′B−L boson model discussed in Sec. 6.3. However, this is NOT
the case. Although gR is small compared to gK , it has not been completely switched
off, and the EFT does not necessarily imply a light mR, because g1vφ should be viewed
as parametrically larger compared to electroweak scale (as vφ  v). So in this limit, we
actually decouple mX instead of mR, resulting in a custodial violating UV theory, as
indicated by the nonzero Tl parameter.
– 31 –
6.5 Heavy vector-like fermions
In this section, we illustrate an example of integrating out a UV sector with heavy vector-
like fermions that interact with the Standard Model charged leptons and neutrinos [62, 63].
Such a UV model does not belong to the category of universal theories [24, 42, 43], thus the
oblique assumption is not admissible. Below, we will see explicitly that the Peskin-Takeuchi
T parameter fails to detect the hard custodial violation in the UV interactions, while our new
Tl parameter works perfectly.
Consider a UV model with two vector-like fermions N and E that are SM SU(2)L-singlets.
They share a common mass M  v and interact with the SM in the same way as the νSM
right-handed leptons ν and e,
LUV = LSM + N¯(i /D −M)N + E¯(i /D −M)E −
(
YN l¯H˜N + YE l¯HE + h.c.
)
. (6.40)
The new UV Yukawa interactions can be rewritten following the same way shown in Eq. (2.14):
YN l¯H˜N + YE l¯HE = l¯Σ
(
YN 0
0 YE
)(
N
E
)
. (6.41)
We see that if |YN | = |YE |, the SU(2)RH symmetry can be preserved by the UV sector20
in the limit g1 → 0 (N and E have different hypercharges). In this case, the UV sector is
custodial symmetric. Otherwise, it has hard custodial violation. Let us now check if our Tl
parameter can distinguish these two scenarios.
Integrating the heavy vector-like fermions out at tree level, we obtain a SMEFT La-
grangian at dim-6 as21
LSMEFT ⊃
(
YN l¯H˜
) i /D
M2
(
Y ∗NH˜
†l
)
+
(
YE l¯H
) i /D
M2
(
Y ∗EH
†l
)
. (6.42a)
Expanding this SMEFT Lagrangian and trading operators into Warsaw and custodial basis,
we obtain the Wilson coefficients
a
(3)
Hl = −
1
4M2
(|YN |2 + |YE |2) , (6.43a)
a
(1)
Hl = −
1
4M2
(|YN |2 − |YE |2) , (6.43b)
a±lH =
1
8M2
(
Yν |YN |2 ± Ye|YE |2
)
. (6.43c)
Plugging these into Eq. (4.11), we get
αTl = −2v2
[
aHD − a(1)Hl
]
= − v
2
2M2
(|YN |2 − |YE |2) . (6.44)
20The phase mismatch between YN and YE can be absorbed by redefining the field N or E.
21As is well known, the dim-5 “neutrino mass” operator is also generated by this UV theory, but it is irrelevant
for our current discussion.
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We see that indeed our Tl parameter vanishes only if |YN | = |YE |, and does not vanish in
general. Thus, Tl serves as a perfect indicator of the UV custodial violation. In addition,
we notice that in this example, the SMEFT framework captures the UV custodial violation
through the Wilson coefficient a(1)Hl , a non-oblique correction, while aHD = 0. Therefore, the
Peskin-Takeuchi T parameter fails to capture custodial violation in this UV theory. Explicitly,
αT = −1
2
v2CHD = −2v2 aHD = 0 . (6.45)
This example demonstrates the utility of our new Tl parameter for indicating both oblique as
well as non-oblique custodial violation arising in (ν)SMEFT.
7 Discussion
We have investigated how to faithfully detect hard custodial symmetry/violation in the UV
physics beyond the SM, where hard refers to violations that persist in the limit of vanishing
U(1)Y gauge coupling g1 → 0. Working with dim-6 (ν)SMEFT, we introduced a new basis—
the custodial basis, which is simply a rewriting of the Warsaw basis operators to make manifest
the symmetric/breaking structures of the various SU(2)R symmetries in (ν)SM. This custodial
basis facilitates the recognition of operators that can/cannot be generated at tree level by
custodial symmetric UV physics. With the help of electroweak precision observables, we then
identified several example RPI combinations of dim-6 SMEFT Wilson coefficients Tl (as well
as Tq and TqR , in App. B) that serve as generalizations of the Peskin-Takeuchi T parameter
to accommodate non-oblique corrections from general UV physics.
Given measurements of αˆ, GˆF , mˆ2Z , we showed that the electroweak precision observables{
ρˆ, rˆZνLν¯L , rˆZeLe¯L
}
(7.1)
can be used to construct Tl [see Eq. (4.11)]:
(ρˆ− 1) + 1
2
(rˆZνLν¯L − 1)−
1
2
c2θ (rˆZeLe¯L − 1)
= −1
2
v2
[
CHD + 4C
(1)
Hl
]
= −2v2
[
aHD − a(1)Hl
]
≡ αTl . (7.2)
The measurement Tl 6= 0 implies the UV sector violates custodial symmetry at tree-level.
Importantly, the converse is not true: Tl = 0 does not immediately imply no custodial
violation in the UV sector. There are several exceptions that we have highlighted throughout
the paper. For example, our observable has been demonstrated to capture just hard breaking
of custodial symmetry, and is not sensitive to soft custodial violations arising from the gauging
of hypercharge. In addition, Tl is unable to rule out the accidental cancellation aHD = a
(1)
Hl .
Furthermore, we have emphasized in Sec. 5 that Tl is not sensitive to all custodial violating
(ν)SMEFT operators, e.g., it is not sensitive to O−lH or O
−
qH . As we argued in Sec. 5, this is a
good thing since they may be faked by the EOM redundancy in rewriting custodial symmetric
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operators outside our custodial basis. Finally, our Tl is also not sensitive to custodial violation
that appears only at loop level at leading matching order. Here we should distinguish between
two possibilities: there are well-known loop corrections to our observables purely from the
SM physics, such as the contribution to ρˆ from the custodial-violating difference between
the top and bottom quark Yukawa couplings. These effects could be incorporated into the
framework by redefining our observables to include the SM loop effects (e.g. the PDG provides
a prescription to do this for the Veltman ρ parameter [20]). However, additional contributions
to our observables that arise from radiative corrections from (ν)SMEFT operators are not
included. For some theories, radiative corrections are known, for example the singlet scalar
model [64, 65]. In future work we will investigate if there are persistent patterns that bely a
UV theory with custodial symmetry even after radiative corrections are included.
Following the same logic used to construct Tl, one can use the hadronic pseudo-observables
discussed in App. B to construct two additional parameters, Tq and TqR (see Eqs. (B.6)
and (B.7)):
(ρˆ− 1)− 1
2
(3− 4s2θ)(rˆZuLu¯L − 1) +
1
2
(3− 2s2θ)(rˆZdLd¯L − 1)
= −1
2
v2
[
CHD − 12C(1)Hq
]
= −2v2
[
aHD + 3 a
(1)
Hq
]
≡ αTq , (7.3a)
(ρˆ− 1) + 2s2θ(rˆZuu¯ − 1)− s2θ(rˆZdd¯ − 1)
= −1
2
v2
[
CHD − 6 (CHu + CHd)
]
= −2v2
[
aHD + 3 a
(1)+
HqR
+ 3 a
(3)−
HqR
]
≡ αTqR . (7.3b)
Of course we cannot separately measure the partial widths into left-handed or right-handed
up and down quarks, so unfortunately there is no actual utility of these results.
We demonstrated the viability and usefulness of our results by calculating Tl for several
example UV theories. In some cases, the result is trivial. For example for the heavy Z ′ asso-
ciated with U(1)B−L [Sec. 6.3], the prediction is Tl = 0, and more specifically ρˆ = rˆZνLν¯L =
rˆZeLe¯L = rˆZee¯ = 1. By itself, this is uninformative, since predicting these observables do not
deviate from unity is indistinguishable from the SM. However, when combined with other ob-
servables that deviate from the SM prediction, e.g., a new/modified four-fermion interaction,
measuring Tl consistent with zero provides evidence that the UV physics is custodial sym-
metric and consistent with a U(1)B−L interpretation. Similar arguments applies to the heavy
W ′L boson example [Sec. 6.2], which is also custodial symmetric. In addition, this example
also reminded us that the Veltman ρˆ 6= 1 is possible for custodial symmetric UV physics.
We also considered UV sectors that (generically) possess hard custodial violations. In the
real SU(2)L-triplet scalar example [Sec. 6.1], our Tl works exactly the same as the Peskin-
Takeuchi T parameter. Both parameters indicate the presence of hard custodial violation in
the UV sector. In the 2-2-1 example [Sec. 6.4], we embedded the SM into a larger gauge
symmetry, SU(2)L × SU(2)R × U(1)B−L. In this case, the gauging of all the three global
symmetries SU(2)RH×SU(2)RqR×SU(2)RlR marries them into one single SU(2)R. Then the
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spontaneous breaking of SU(2)R×U(1)B−L → U(1)Y down to the SM generically leads to hard
custodial violation, where we found that Tl is in general nonzero. Finally, the heavy vector-
like fermions [Sec. 6.5] is a striking example where the UV physics is not a “universal” theory
and requires our replacement parameter Tl. Hard custodial violation feeds into SMEFT via
the non-oblique correction a(1)lH (but not aHD). As a result, the Peskin-Takeuchi T parameter
fails to detect it, but our new Tl parameter works perfectly.
In this paper, we have assumed flavor universality in constructing our Tf parameters. One
can certainly generalize our analysis in Sec. 4 and App. B to include flavor-dependent devia-
tions to the observables. This would allow for a construction of flavor sensitive Tf parameters,
which could be used for probing non-trivial flavor structure in the UV custodial violation. The
SM Yukawa couplings are examples of flavor-dependent custodial violation. Unlike the hy-
percharge coupling, they have no direct linkage with a general UV sector. However, for UV
theories with “minimal flavor violation” [61], couplings in the UV sector are proportional to
(powers of) the SM Yukawa couplings. Such UV sectors are necessarily custodial violating
(as well as flavor violating). Nevertheless, with the aforementioned generalization, our Tf
parameters are capable of capturing this custodial violation, provided that custodial violating
dim-6 operators (beyond those in “class 5” of our Table C.2) are generated at tree level.
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A Details of Mapping onto Observables
In this Appendix, we provide some details on the intermediate steps that lead to our results in
Eq. (4.6). We work with the Warsaw basis of dim-6 νSMEFT shown in Table C.1, assuming
flavor universality. We will perform tree-level mapping, and only up to dim-6.
First, we find the corrections to the two-point functions of electroweak gauge bosons
ΠWW
(
p2
)
= 2p2v2CHW , (A.1a)
ΠZZ
(
p2
)
=
1
2
mˆ2Z, SMv
2CHD + 2p
2v2
(
c2θ CHW + s
2
θ CHB + cθsθ CHWB
)
, (A.1b)
Πγγ
(
p2
)
= 2p2v2
(
s2θ CHW + c
2
θ CHB − cθsθ CHWB
)
, (A.1c)
ΠγZ
(
p2
)
= p2v2
[
2cθsθ (CHW − CHB)−
(
c2θ − s2θ
)
CHWB
]
, (A.1d)
where as usual ΠV V
(
p2
)
denotes the transverse part of the full two-point function of the gauge
bosons:
iΠµνV V
(
p2
)
= iΠV V
(
p2
)(
ηµν − p
µpν
p2
)
+
(
i
pµpν
p2
term
)
. (A.2)
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Next, we move on to the three-point vertices. For the observables considered in Sec. 4, the
relevant vertex corrections between the electroweak gauge bosons and the leptons are
VZνLν¯L = 1− v2
[
C
(1)
Hl − C(3)Hl
]
, (A.3a)
VZeLe¯L = 1 +
v2
c2θ
[
C
(1)
Hl + C
(3)
Hl
]
, (A.3b)
VZee¯ = 1− v
2
2s2θ
CHe , (A.3c)
VWll¯ = 1 + v
2C
(3)
Hl . (A.3d)
Note that corrections to the four-fermion vertices would not feed into αˆ due to lack of pole
structure. The only four-fermion vertex needs to be considered in our analysis is C12 mentioned
in Sec. 3.1, which will feed into GˆF .
With the above, we would like to find the modifications to Eq. (4.2). The first four
observables are relatively simple:
αˆ =
g21g
2
2
4pi
(
g21 + g
2
2
) [ p2
p2 −Πγγ (p2)
∣∣∣∣
p2→0
]
= αˆSM
[
1 + 2v2
(
s2θ CHW + c
2
θ CHB − cθsθ CHWB
) ]
, (A.4a)
GˆF =
√
2g22
8
V 2Wll¯
 −1
p2 − mˆ2W , SM −ΠWW (p2)
∣∣∣∣∣
p2→0
− 1
2
√
2
C12
= GˆF , SM
[
1 + 2v2C
(3)
Hl −
1
2
v2C12
]
, (A.4b)
mˆ2Z = mˆ
2
Z, SM + ΠZZ
(
mˆ2Z, SM
)
= mˆ2Z, SM
[
1 +
1
2
v2CHD + 2v
2
(
c2θ CHW + s
2
θ CHB + cθsθ CHWB
)]
, (A.4c)
mˆ2W = mˆ
2
W , SM + ΠWW
(
mˆ2W , SM
)
= mˆ2W , SM
(
1 + 2v2CHW
)
. (A.4d)
These will lead us to the ρˆ expression in Eq. (4.6).
For the decay widths in Eq. (4.2), we need a bit more setup. We define the amplitude iMˆ
as the strength κˆ multiplied by the polarization kinematics:
iMˆZψψ¯ ≡ iκˆ
(
µu¯ψγ
µPL/Rvψ¯
)
, (A.5)
with µ denoting the polarization vectors for Z boson, u and v denoting the Dirac spinors for
the fermion legs, and PL/R =
1∓γ5
2 denoting the projector depending on the chirality of the
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fermion ψ. With this, one can compute the decay width
ΓˆZψψ¯ =
1
16pimˆZ
∣∣∣MˆZψψ¯∣∣∣2 = mˆZ24pi κˆ2 , (A.6)
where fermion masses are neglected. The rˆ observables defined in Eq. (4.4) can then be
expressed as
rˆZνLν¯L =
κˆ2ZνLν¯L√
2GˆF mˆ2Z
, (A.7a)
rˆZeLe¯L =
κˆ2ZeLe¯L√
2GˆF mˆ2Z (1− xˆ)
, (A.7b)
rˆZee¯ =
κˆ2Zee¯√
2GˆF mˆ2Z
(
1−√1− xˆ)2 , (A.7c)
where xˆ is defined as before by Eq. (4.5). In SM, these ratios are unity. In SMEFT dim-6
Warsaw basis, the above strengths are modified
κˆZνLν¯L = κˆZνLν¯L, SM (RZ)
1/2 VZνLν¯L
= κˆZνLν¯L, SM
[
1 + v2
(
c2θ CHW + s
2
θ CHB + cθsθ CHWB
)− v2 (C(1)Hl − C(3)Hl )
]
, (A.8a)
κˆZeLe¯L = κˆZeLe¯L, SM (RZ)
1/2
[
VZeLe¯L +
s2θ
c2θ
1
p2
ΠγZ
(
p2
)]
= κˆZeLe¯L, SM
[
1 + v2
(
c2θ CHW + s
2
θ CHB + cθsθ CHWB
)
+ v2
1
c2θ
(
C
(1)
Hl + C
(3)
Hl
)
+ v2
s22θ
c2θ
(CHW − CHB)− 2v2cθsθ CHWB
]
, (A.8b)
κˆZee¯ = κˆZee¯, SM (RZ)
1/2
[
VZee¯ − cθ
sθ
1
p2
ΠγZ
(
p2
)]
= κˆZee¯, SM
[
1 + v2
(
c2θ CHW + s
2
θ CHB + cθsθ CHWB
)− v2 1
2s2θ
CHe
− v2 2c2θ (CHW − CHB) + v2
cθ
sθ
c2θ CHWB
]
, (A.8c)
where RZ is the residue of the Z boson at the pole mass:
RZ = 1 +
[
d
dp2
ΠZZ
(
p2
)]∣∣∣∣
p2=mˆ2Z, SM
= 1 + 2v2
(
c2θ CHW + s
2
θ CHB + cθsθ CHWB
)
. (A.9)
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Plugging Eq. (A.8) and Eq. (A.4) into Eq. (A.7) will lead us to the expressions for the partial
widths in Eq. (4.6).
B Hadronic pseudo-Observables
In this Appendix, we consider a set of four quark partial widths pseudo-observables in addition
to those listed in Eq. (4.1): {
ΓˆZuLu¯L , ΓˆZdLd¯L , ΓˆZuu¯, ΓˆZdd¯
}
. (B.1)
In order, these denote the partial decay widths of the Z boson to left-handed up-type quarks,
left-handed down-type quarks, right-handed up-type quarks, and right-handed down-type
quarks. Note that in Z decay measurements, the first two generations of quarks are essentially
indistinguishable. The measurable observables in practice are ΓˆZqq (which will be needed in
measuring ΓˆZνLν¯L , see discussions in Sec. 4.5) and measurements involving the b-quark. For
this reason, we refer to these hadronic partial widths of Z as pseudo-observables to distinguish
them from the observables discussed in Sec. 4.
We present our results in terms of definite parity hadronic final states in order to most
easily compare with the results in Sec. 4. In SM they are given by the three Lagrangian
parameters g1, g2, v:
ΓˆZuLu¯L, SM =
mˆZ, SM
288pi
g22
c2θ
(
3− 4s2θ
)2
, (B.2a)
ΓˆZdLd¯L, SM =
mˆZ, SM
288pi
g22
c2θ
(
3− 2s2θ
)2
, (B.2b)
ΓˆZuu¯, SM =
mˆZ, SM
18pi
g22
c2θ
s4θ , (B.2c)
ΓˆZdd¯, SM =
mˆZ, SM
72pi
g22
c2θ
s4θ . (B.2d)
We then construct the following ratios (similar with Eq. (4.4)) to keep track of the deviations
from SM
rˆZuLu¯L ≡
72pi√
2GˆF mˆ3Z(1 + 2
√
1− xˆ)2 ΓˆZuLu¯L , (B.3a)
rˆZdLd¯L ≡
72pi√
2GˆF mˆ3Z(2 +
√
1− xˆ)2 ΓˆZdLd¯L , (B.3b)
rˆZuu¯ ≡ 18pi√
2GˆF mˆ3Z(1−
√
1− xˆ)2 ΓˆZuu¯ , (B.3c)
rˆZdd¯ ≡
72pi√
2GˆF mˆ3Z(1−
√
1− xˆ)2 ΓˆZdd¯ , (B.3d)
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where xˆ is defined as before by Eq. (4.5). These four ratios are unity in SM, but will get
modified in SMEFT. Following the same procedure shown in App. A, we obtain their general
Warsaw basis corrections as
rˆZuLu¯L = 1 +
v2
c2θ(3− 4s2θ)
[
− 8s2θ
(
cθ
sθ
CHWB + C
(3)
Hl −
1
4
C12
)
− 6c2θ
(
C
(3)
Hl − C(3)Hq −
1
4
C12
)
− 1
2
(3− 2s2θ)CHD − 6c2θ C(1)Hq
]
, (B.4a)
rˆZdLd¯L = 1 +
v2
c2θ(3− 2s2θ)
[
− 4s2θ
(
cθ
sθ
CHWB + C
(3)
Hl −
1
4
C12
)
− 6c2θ
(
C
(3)
Hl − C(3)Hq −
1
4
C12
)
− 1
2
(3− 4s2θ)CHD + 6c2θ C(1)Hq
]
, (B.4b)
rˆZuu¯ = 1 +
v2
c2θ
[
2
(
cθ
sθ
CHWB + C
(3)
Hl −
1
4
C12
)
+
1
2
CHD +
3c2θ
2s2θ
CHu
]
, (B.4c)
rˆZdd¯ = 1 +
v2
c2θ
[
2
(
cθ
sθ
CHWB + C
(3)
Hl −
1
4
C12
)
+
1
2
CHD − 3c2θ
s2θ
CHd
]
. (B.4d)
Although there are eight Wilson coefficients Ci involved in the above, they only come with
six different combinations. Furthermore, recall from Eq. (4.6a) that we have
ρˆ = 1 +
v2
c2θ
[
− 2s2θ
(
cθ
sθ
CHWB + C
(3)
Hl −
1
4
C12
)
− 1
2
c2θ CHD
]
. (B.5)
We see that in the three quantities
{
ρˆ, rˆZuLu¯L , rˆZdLd¯L
}
, only two independent combinations of
custodial preserving operators show up. Therefore, analogous to the procedure of constructing
Tl from ?? 4.9–4.11, we can construct a new T parameter generalization Tq using ρˆ and the
left-handed partial widths:
(ρˆ− 1)− 1
2
(3− 4s2θ)(rˆZuLu¯L − 1) +
1
2
(3− 2s2θ)(rˆZdLd¯L − 1)
= −1
2
v2
[
CHD − 12C(1)Hq
]
= −2v2
[
aHD + 3 a
(1)
Hq
]
≡ αTq . (B.6)
Similarly, a TqR can be constructed using ρˆ and the right-handed partial widths:
(ρˆ− 1) + 2s2θ(rˆZuu¯ − 1)− s2θ(rˆZdd¯ − 1)
= −1
2
v2
[
CHD − 6 (CHu + CHd)
]
= −2v2
[
aHD + 3 a
(1)+
HqR
+ 3 a
(3)−
HqR
]
≡ αTqR . (B.7)
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In the second lines of Eqs. (B.6) and (B.7), we have used Table C.5 to write them in terms
of our custodial basis Wilson coefficients ai, where it becomes manifest that Tq and TqR
receive contributions only from custodial violating operators (red operators) in our Table C.2.
Unfortunately, we cannot separately measure the Z partial widths into left- and/or right-
handed up and down quarks, so these two results have no practical value. Nevertheless, it is
worth mentioning that parameters analogous to Tl can at least in principle be constructed.
C Tables of Operators, Coefficients, and Translations
In this Appendix, we gather tables of operator bases and relevant translation relations. Ta-
ble C.1 summarizes all the independent baryon-preserving operators in the Warsaw basis for
dim-6 νSMEFT (suppressing flavor indices). These operators are recombined to form our
custodial basis summarized in Table C.2. Table C.3 provides an explicit translation dictio-
nary between the operators in these two operator bases. Translation dictionaries between the
Wilson coefficients Ci and ai, in both directions, are further provided in Tables C.4 and C.5.
Table C.6 summarizes the restrictions on the Wilson coefficients Ci and ai to reduce νSMEFT
back to SMEFT.
Our notation and color scheme for the operators in the two bases are
Warsaw basis operators
{
Qi SMEFT
Qi additional operators in νSMEFT
(C.1)
custodial basis operators

Oi custodial violating
Oi SU(2)RH -preserving , SU(2)RqR -violating
Oi SU(2)RH -preserving , SU(2)RlR -violating
Oi all other custodial preserving
(C.2)
We emphasize here that in Table C.2 only red operators Oi are custodial violating. See text
in Sec. 3 for details.
Our notations in Table C.2 are also a bit compact. For example, we sometimes use O+− to
group custodial preserving/violating operators together, which respectively involves P+−. Such
examples include O
+−
lH , O
+−
qH , O
+−
lW , O
+−
qG, O
+−
qW , O
(3)+−
HlR
, and O(3)
+−
HqR
. A similar kind of notation
is also applied to some custodial preserving four-fermion operators that break the isospin
SU(2)RqR or SU(2)RlR . In particular, the notation O
-- implies that the operator violates
both the lepton and quark isospin.
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1 : X3
QG f
ABCGAνµ G
Bρ
ν G
Cµ
ρ
QG˜ f
ABCG˜Aνµ G
Bρ
ν G
Cµ
ρ
QW 
abcW aνµ W
bρ
ν W
cµ
ρ
QW˜ 
abc W˜ aνµ W
bρ
ν W
cµ
ρ
2 : H6
QH |H|6
3 : H4D2
QH −
(
∂µ|H|2
) (
∂µ|H|2)
QHD
[(
DµH
†)H] [H† (DµH)]
5 : ψ¯ψH3 + h.c.
QνH |H|2 (l¯H˜ν)
QeH |H|2 (l¯He)
QuH |H|2 (q¯H˜u)
QdH |H|2 (q¯Hd)
4 : X2H2
QHG |H|2GAµνGAµν
QHG˜ |H|2 G˜AµνGAµν
QHW |H|2W aµνW aµν
QHW˜ |H|2 W˜ aµνW aµν
QHB |H|2BµνBµν
QHB˜ |H|2 B˜µνBµν
QHWB H
†τaHW aµνB
µν
QHW˜B H
†τaH W˜ aµνB
µν
6 : ψ¯ψXH + h.c.
QνW (l¯σ
µνν)τaH˜W aµν
QeW (l¯σ
µνe)τaHW aµν
QνB (l¯σ
µνν)H˜Bµν
QeB (l¯σ
µνe)HBµν
QuG (q¯σ
µνTAu)H˜GAµν
QdG (q¯σ
µνTAd)HGAµν
QuW (q¯σ
µνu)τaH˜W aµν
QdW (q¯σ
µνd)τaHW aµν
QuB (q¯σ
µνu)H˜Bµν
QdB (q¯σ
µνd)HBµν
7 : ψ¯ψH2D
Q
(1)
Hl (H
†i
←→
D µH)(l¯γ
µl)
Q
(3)
Hl (H
†i
←→
D aµH)(l¯γ
µτal)
Q
(1)
Hq (H
†i
←→
D µH)(q¯γ
µq)
Q
(3)
Hq (H
†i
←→
D aµH)(q¯γ
µτaq)
QHν (H
†i
←→
D µH)(ν¯γ
µν)
QHe (H
†i
←→
D µH)(e¯γ
µe)
QHνe + h.c. (H˜†iDµH)(ν¯γµe)
QHu (H
†i
←→
D µH)(u¯γ
µu)
QHd (H
†i
←→
D µH)(d¯γ
µd)
QHud + h.c. (H˜†iDµH)(u¯γµd)
8 : (L¯L)(L¯L)
Qll (l¯γµl)(l¯γ
µl)
Q
(1)
qq (q¯γµq)(q¯γ
µq)
Q
(3)
qq (q¯γµτ
aq)(q¯γµτaq)
Q
(1)
lq (l¯γµl)(q¯γ
µq)
Q
(3)
lq (l¯γµτ
al)(q¯γµτaq)
8 : (R¯R)(R¯R)
Qνν (ν¯γµν)(ν¯γ
µν)
Qee (e¯γµe)(e¯γ
µe)
Qνe (ν¯γµν)(e¯γ
µe)
Quu (u¯γµu)(u¯γ
µu)
Qdd (d¯γµd)(d¯γ
µd)
Q
(1)
ud (u¯γµu)(d¯γ
µd)
Q
(8)
ud (u¯γµT
Au)(d¯γµTAd)
Qνu (ν¯γµν)(u¯γ
µu)
Qνd (ν¯γµν)(d¯γ
µd)
Qeu (e¯γµe)(u¯γ
µu)
Qed (e¯γµe)(d¯γ
µd)
Qνedu + h.c. (ν¯γµe)(d¯γµu)
8 : (L¯L)(R¯R)
Qlν (l¯γµl)(ν¯γ
µν)
Qle (l¯γµl)(e¯γ
µe)
Qlu (l¯γµl)(u¯γ
µu)
Qld (l¯γµl)(d¯γ
µd)
Qqν (q¯γµq)(ν¯γ
µν)
Qqe (q¯γµq)(e¯γ
µe)
Q
(1)
qu (q¯γµq)(u¯γ
µu)
Q
(1)
qd (q¯γµq)(d¯γ
µd)
Q
(8)
qu (q¯γµT
Aq)(u¯γµTAu)
Q
(8)
qd (q¯γµT
Aq)(d¯γµTAd)
8 : (L¯R)(R¯L) + h.c.
Qlνuq (l¯
iν)(u¯qi)
Qledq (l¯
ie)(d¯qi)
8 : (L¯R)(L¯R) + h.c.
Qlνle (l¯
iν)ij(l¯
je)
Q
(1)
quqd (q¯
iu)ij(q¯
jd)
Q
(8)
quqd (q¯
iTAu)ij(q¯
jTAd)
Q
(1)
lνqd (l¯
iν)ij(q¯
jd)
Q
(1)
lequ (l¯
ie)ij(q¯
ju)
Q
(3)
lνqd (l¯
iσµνν)ij(q¯
jσµνd)
Q
(3)
lequ (l¯
iσµνe)ij(q¯
jσµνu)
Table C.1. νSMEFT dim-6 baryon-preserving operators in Warsaw basis. In addition to the 76 =
42 + (17 + h.c.) SMEFT operators, there are 25 = 7 + (9 + h.c.) new operators involving right-handed
neutrinos ν, which are colored in blue.
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1 : X3
OG f
ABCGAνµ G
Bρ
ν G
Cµ
ρ
OG˜ f
ABCG˜Aνµ G
Bρ
ν G
Cµ
ρ
OW 
abcW aνµ W
bρ
ν W
cµ
ρ
OW˜ 
abc W˜ aνµ W
bρ
ν W
cµ
ρ
2 : H6
OH
[
tr
(
Σ†Σ
)]3 3 : H
4D2
OH
[
tr
(
Σ†iDµΣ
)]2
OHD
[
tr
(
Σ†iDµΣτ3R
)]2
5 : ψ¯ψH3 + h.c.
O
+−
lH tr
(
Σ†Σ
) (
l¯ΣP+−lR
)
O
+−
qH tr
(
Σ†Σ
) (
q¯ΣP+−qR
)
4 : X2H2
OHG tr
(
Σ†Σ
)
GAµνG
Aµν
OHG˜ tr
(
Σ†Σ
)
G˜AµνG
Aµν
OHW tr
(
Σ†Σ
)
W aµνW
aµν
OHW˜ tr
(
Σ†Σ
)
W˜ aµνW
aµν
OHB tr
(
Σ†Σ
)
BµνB
µν
OHB˜ tr
(
Σ†Σ
)
B˜µνB
µν
OHWB tr
(
Σ†τaΣτ3R
)
W aµνB
µν
OHW˜B tr
(
Σ†τaΣτ3R
)
W˜ aµνB
µν
6 : ψ¯ψXH + h.c.
O
+−
lW (l¯σ
µντaΣP+−lR)W
a
µν
O±lB (l¯σ
µνΣP∓lR)Bµν
O
+−
qG (q¯σ
µνTAΣP+−qR)G
A
µν
O
+−
qW (q¯σ
µντaΣP+−qR)W
a
µν
O±qB (q¯σ
µνΣP∓qR)Bµν
7 : ψ¯ψH2D
O
(1)
Hl tr
(
Σ†iDµΣτ3R
) (
l¯γµl
)
O
(3)
Hl tr
(
Σ†τaiDµΣ
) (
l¯γµτal
)
O
(1)
Hq tr
(
Σ†iDµΣτ3R
)
(q¯γµq)
O
(3)
Hq tr
(
Σ†τaiDµΣ
)
(q¯γµτaq)
O
(1)±
HlR
tr
(
Σ†iDµΣτ3R
) (
l¯Rγ
µP+−lR
)
O
(3)+−
HlR
tr
(
Σ†iDµΣτaR
) (
l¯Rγ
µτaRP+−lR
)
O
(1)±
HqR
tr
(
Σ†iDµΣτ3R
) (
q¯Rγ
µP+−qR
)
O
(3)+−
HqR
tr
(
Σ†iDµΣτaR
) (
q¯Rγ
µτaRP+−qR
)
8 : (L¯L)(L¯L)
Oll (l¯γµl)(l¯γ
µl)
O
(1)
qq (q¯γµq)(q¯γ
µq)
O
(3)
qq (q¯γµτ
aq)(q¯γµτaq)
O
(1)
lq (l¯γµl)(q¯γ
µq)
O
(3)
lq (l¯γµτ
al)(q¯γµτaq)
8 : (R¯R)(R¯R)
O
+−+−
lRlR
(l¯RγµP+−lR)(l¯Rγ
µP+−lR)
O+−lRlR (l¯RγµP+lR)(l¯Rγ
µP−lR)
O
(1)+−+−
qRqR (q¯RγµP+−qR)(q¯Rγ
µP+−qR)
O
(1)+−
qRqR (q¯RγµP+qR)(q¯Rγ
µP−qR)
O
(3)++
qRqR (q¯Rγµτ
a
RqR)(q¯Rγ
µτaRqR)
O
(1)+−+−
lRqR
(l¯RγµP+−lR)(q¯Rγ
µP+−qR)
O
(1)+−−+
lRqR
(l¯RγµP+−lR)(q¯Rγ
µP−+qR)
O
(3)++−
lRqR
(l¯Rγµτ
a
RlR)(q¯Rγ
µτaRP+−qR)
8 : (L¯L)(R¯R)
O
+−
llR
(l¯γµl)(l¯Rγ
µP+−lR)
O
+−
lqR
(l¯γµl)(q¯Rγ
µP+−qR)
O
+−
qlR
(q¯γµq)(l¯Rγ
µP+−lR)
O
(1)+−
qqR (q¯γµq)(q¯Rγ
µP+−qR)
O
(8)+−
qqR (q¯γµT
Aq)(q¯Rγ
µTAP+−qR)
8 : (L¯R)(R¯L) + h.c.
O
+--
llRqRq
(l¯iljR)P
jk
+--
(q¯kRq
i)
8 : (L¯R)(L¯R) + h.c.
OllRllR (l¯
ilkR)ijkl(l¯
j llR)
O
(1)
qqRqqR (q¯
iqkR)ijkl(q¯
jqlR)
O
(8)
qqRqqR (q¯
iTAqkR)ijkl(q¯
jTAqlR)
O
(1)+--
llRqqR
(l¯ilkR)ij
(
P+--
)
kl
(q¯jqlR)
O
(3)+--
llRqqR
(l¯iσµν l
k
R)ij
(
P+--
)
kl
(q¯jσµνqlR)
Table C.2. νSMEFT dim-6 baryon-preserving operators in our custodial basis. Custodial violating
operators are colored in red, and all other operators are custodial preserving. Operators preserving
SU(2)RH trivially but violating the isospin SU(2)RqR or SU(2)RlR or both are colored orange or
green or both.
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1 : X3
OG QG
OG˜ QG˜
OW QW
OW˜ QW˜
2 : H6
OH 8QH
3 : H4D2
OH QH
OHD QH + 4QHD
5 : ψ¯ψH3 + h.c.
O
+−
lH 2
(
QνH+−QeH
)
O
+−
qH 2
(
QuH+−QdH
)
4 : X2H2
OHG 2QHG
OHG˜ 2QHG˜
OHW 2QHW
OHW˜ 2QHW˜
OHB 2QHB
OHB˜ 2QHB˜
OHWB −2QHWB
OHW˜B −2QHW˜B
6 : ψ¯ψXH + h.c.
O
+−
lW QνW+−QeW
O±lB QνB ∓QeB
O
+−
qG QuG+−QdG
O
+−
qW QuW+−QdW
O±qB QuB ∓QdB
7 : ψ¯ψH2D
O
(1)
Hl −Q(1)Hl
O
(3)
Hl Q
(3)
Hl
O
(1)
Hq −Q(1)Hq
O
(3)
Hq Q
(3)
Hq
O
(1)±
HlR
− (QHν±QHe)
O
(3)+−
HlR
+−2
(
QHνe+−h.c.
)−QHν+−QHe
O
(1)±
HqR
− (QHu±QHd)
O
(3)+−
HqR
+−2
(
QHud+−h.c.
)−QHu+−QHd
8 : (L¯L)(L¯L)
Oll Qll
O
(1)
qq Q
(1)
qq
O
(3)
qq Q
(3)
qq
O
(1)
lq Q
(1)
lq
O
(3)
lq Q
(3)
lq
8 : (R¯R)(R¯R)
O
+−+−
lRlR
Qνν +Qee+−2Qνe
O+−lRlR Qνν−Qee
O
(1)+−+−
qRqR Quu +Qdd+−2Q(1)ud
O
(1)+−
qRqR Quu−Qdd
O
(3)++
qRqR 8Q
(8)
ud − 2Nc−4Nc Q
(1)
ud +Quu +Qdd
O
(1)+−+−
lRqR
(Qνu +Qed) +-- (Qνd +Qeu)
O
(1)+−−+
lRqR
(Qνu −Qed)−+ (Qνd −Qeu)
O
(3)++−
lRqR
2
(
Qνedu+−h.c.
)
+ (Qνu −Qeu)−+ (Qνd −Qed)
8 : (L¯L)(R¯R)
O
+−
llR
Qlν+−Qle
O
+−
lqR
Qlu+−Qld
O
+−
qlR
Qqν+−Qqe
O
(1)+−
qqR Q
(1)
qu +−Q(1)qd
O
(8)+−
qqR Q
(8)
qu +−Q(8)qd
8 : (L¯R)(R¯L) + h.c.
O
+--
llRqRq
Qlνuq+--Qledq
8 : (L¯R)(L¯R) + h.c.
OllRllR 2Qlνle
O
(1)
qqRqqR 2Q
(1)
quqd
O
(8)
qqRqqR 2Q
(8)
quqd
O
(1)+--
llRqqR
−Q(1)lequ+--Q(1)lνqd
O
(3)+--
llRqqR
−Q(3)lequ+--Q(3)lνqd
Table C.3. A dictionary of the custodial basis operators Oi in terms of Warsaw basis operators Qi.
The color scheme is the same as given in Eqs. (C.1) and (C.2).
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1 : X3
aG CG
aG˜ CG˜
aW CW
aW˜ CW˜
2 : H6
aH
1
8
CH
3 : H4D2
aH CH − 14CHD
aHD
1
4
CHD
5 : ψ¯ψH3 + h.c.
a±lH
1
4
(CνH ± CeH)
a±qH
1
4
(CuH ± CdH)
4 : X2H2
aHG
1
2
CHG
aHG˜
1
2
CHG˜
aHW
1
2
CHW
aHW˜
1
2
CHW˜
aHB
1
2
CHB
aHB˜
1
2
CHB˜
aHWB − 12CHWB
aHW˜B − 12CHW˜B
6 : ψ¯ψXH + h.c.
a±lW
1
2
(CνW ± CeW )
a±lB
1
2
(CνB ± CeB)
a±qG
1
2
(CuG ± CdG)
a±qW
1
2
(CuW ± CdW )
a±qB
1
2
(CuB ± CdB)
7 : ψ¯ψH2D
a
(1)
Hl −C(1)Hl
a
(3)
Hl C
(3)
Hl
a
(1)
Hq −C(1)Hq
a
(3)
Hq C
(3)
Hq
a
(1)±
HlR
− 1
2
(CHν ± CHe) + 14 (±CHνe − C∗Hνe)
a
(3)±
HlR
1
4
(±CHνe + C∗Hνe)
a
(1)±
HqR
− 1
2
(CHu ± CHd) + 14 (±CHud − C∗Hud)
a
(3)±
HqR
1
4
(±CHud + C∗Hud)
8 : (L¯L)(L¯L)
all Cll
a
(1)
qq C
(1)
qq
a
(3)
qq C
(3)
qq
a
(1)
lq C
(1)
lq
a
(3)
lq C
(3)
lq
8 : (R¯R)(R¯R)
a±±lRlR
1
4
(Cνν + Cee ± Cνe)
a+−lRlR
1
2
(Cνν − Cee)
a
(1)±±
qRqR
1
4
[
(Cuu + Cdd)± C(1)ud − 14C(8)ud ±
(
1
4
− 1
2Nc
)
C
(8)
ud
]
a
(1)+−
qRqR
1
2
(Cuu − Cdd)
a
(3)++
qRqR
1
8
C
(8)
ud
a
(1)+±
lRqR
1
4
[(Cνu + Ceu)± (Cνd + Ced)]
a
(1)−±
lRqR
1
4
[(Cνu − Ceu)± (Cνd − Ced) + (−Cνedu ± C∗νedu)]
a
(3)+±
lRqR
1
4
(Cνedu ± C∗νedu)
8 : (L¯L)(R¯R)
a±llR
1
2
(Clν ± Cle)
a±lqR
1
2
(Clu ± Cld)
a±qlR
1
2
(Cqν ± Cqe)
a
(1)±
qqR
1
2
[
C
(1)
qu ± C(1)qd
]
a
(8)±
qqR
1
2
[
C
(8)
qu ± C(8)qd
]
8 : (L¯R)(R¯L) + h.c.
a±llRqRq
1
2
(Clνuq ± Cledq)
8 : (L¯R)(L¯R) + h.c.
allRllR
1
2
Clνle
a
(1)
qqRqqR
1
2
C
(1)
quqd
a
(8)
qqRqqR
1
2
C
(8)
quqd
a
(1)±
llRqqR
1
2
[
−C(1)lequ ± C(1)lνqd
]
a
(3)±
llRqqR
1
2
[
−C(3)lequ ± C(3)lνqd
]
Table C.4. A translation dictionary: the custodial basis Wilson coefficients ai in terms of the Warsaw
basis Wilson coefficients Ci.
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1 : X3
CG , CG˜ aG , aG˜
CW , CW˜ aW , aW˜
2 : H6
CH 8 aH
3 : H4D2
CH aH + aHD
CHD 4 aHD
5 : ψ¯ψH3 + h.c.
CνH , CeH 2
(
a+lH ± a−lH
)
CuH , CdH 2
(
a+qH ± a−qH
)
4 : X2H2
CHG 2 aHG
CHG˜ 2 aHG˜
CHW 2 aHW
CHW˜ 2 aHW˜
CHB 2 aHB
CHB˜ 2 aHB˜
CHWB −2 aHWB
CHW˜B −2 aHW˜B
6 : ψ¯ψXH + h.c.
CνW , CeW a
+
lW ± a−lW
CνB , CeB a
+
lB ± a−lB
CuG , CdG a
+
qG ± a−qG
CuW , CdW a
+
qW ± a−qW
CuB , CdB a
+
qB + a
−
qB
7 : ψ¯ψH2D
C
(1)
Hl − a(1)Hl
C
(3)
Hl a
(3)
Hl
C
(1)
Hq − a(1)Hq
C
(3)
Hq a
(3)
Hq
CHν , CHe − a(1)+HlR ∓ a
(1)−
HlR
∓ a(3)+HlR − a
(3)−
HlR
CHνe 2
[
a
(3)+
HlR
− a(3)−HlR
]
CHu , CHd − a(1)+HqR ∓ a
(1)−
HqR
∓ a(3)+HqR − a
(3)−
HqR
CHud 2
[
a
(3)+
HqR
− a(3)−HqR
]
8 : (L¯L)(L¯L)
Cll all
C
(1)
qq a
(1)
qq
C
(3)
qq a
(3)
qq
C
(1)
lq a
(1)
lq
C
(3)
lq a
(3)
lq
8 : (R¯R)(R¯R)
Cνν a
++
lRlR
+ a−−lRlR + a
+−
lRlR
Cee a
++
lRlR
+ a−−lRlR − a
+−
lRlR
Cνe 2
(
a++lRlR − a
−−
lRlR
)
Cuu a
(1)++
qRqR + a
(1)−−
qRqR + a
(1)+−
qRqR + a
(3)++
qRqR
Cdd a
(1)++
qRqR + a
(1)−−
qRqR − a(1)+−qRqR + a(3)++qRqR
C
(1)
ud 2
[
a
(1)++
qRqR − a(1)−−qRqR
]
+
(
4
Nc
− 2
)
a
(3)++
qRqR
C
(8)
ud 8 a
(3)++
qRqR
Cνu a
(1)++
lRqR
+ a
(1)−−
lRqR
+ a
(1)+−
lRqR
+ a
(1)−+
lRqR
+ a
(3)++
lRqR
+ a
(3)+−
lRqR
Cνd a
(1)++
lRqR
− a(1)−−lRqR − a
(1)+−
lRqR
+ a
(1)−+
lRqR
− a(3)++lRqR + a
(3)+−
lRqR
Ceu a
(1)++
lRqR
− a(1)−−lRqR + a
(1)+−
lRqR
− a(1)−+lRqR − a
(3)++
lRqR
− a(3)+−lRqR
Ced a
(1)++
lRqR
+ a
(1)−−
lRqR
− a(1)+−lRqR − a
(1)−+
lRqR
+ a
(3)++
lRqR
− a(3)+−lRqR
Cνedu 2
[
a
(3)++
lRqR
+ a
(3)+−
lRqR
]
8 : (L¯L)(R¯R)
Clν a
+
llR
+ a−llR
Cle a
+
llR
− a−llR
Clu a
+
lqR
+ a−lqR
Cld a
+
lqR
− a−lqR
Cqν a
+
qlR
+ a−qlR
Cqe a
+
qlR
− a−qlR
C
(1)
qu a
(1)+
qqR + a
(1)−
qqR
C
(1)
qd a
(1)+
qqR − a(1)−qqR
C
(8)
qu a
(8)+
qqR + a
(8)−
qqR
C
(8)
qd a
(8)+
qqR − a(8)−qqR
8 : (L¯R)(R¯L) + h.c.
Clνuq , Cledq a
+
llRqRq
± a−llRqRq
8 : (L¯R)(L¯R) + h.c.
Clνle 2 allRllR
C
(1)
quqd , C
(8)
quqd 2 a
(1)
qqRqqR , 2 a
(8)
qqRqqR
C
(1)
lνqd , C
(1)
lequ ∓ a(1)+llRqqR − a
(1)−
llRqqR
C
(3)
lνqd , C
(3)
lequ ∓ a(3)+llRqqR − a
(3)−
llRqqR
Table C.5. A translation dictionary: the Warsaw basis Wilson coefficients Ci in terms of the custodial
basis Wilson coefficients ai.
– 45 –
νSMEFT → SMEFT in Warsaw basis νSMEFT → SMEFT in custodial basis
CνH = 0 a
+
lH = − a−lH
CνW = CνB = 0 a
+
lW = − a−lW , a+lB = − a−lB
CHνe = C
∗
Hνe = 0 a
(3)+
HlR
= a
(3)−
HlR
= 0
CHν = 0 a
(1)+
HlR
= − a(1)−HlR
Cνν = Cνe = 0 a
++
lRlR
= a−−lRlR = −12 a+−lRlR
Cνedu = C
∗
νedu = 0 a
(3)++
lRqR
= a
(3)+−
lRqR
= 0
Cνu = Cνd = 0 a
(1)++
lRqR
= − a(1)−+lRqR , a
(1)+−
lRqR
= − a(1)−−lRqR
Clν = Cqν = 0 a
+
llR
= − a−llR , a+qlR = − a−qlR
Clνuq = 0 a
+
llRqRq
= − a−llRqRq
Clνle = 0 allRllR = 0
C
(1)
lνqd = C
(3)
lνqd = 0 a
(1)+
llRqqR
= − a(1)−llRqqR , a
(3)+
llRqqR
= − a(3)−llRqqR
Table C.6. Reducing νSMEFT to SMEFT: the left (right) column shows the constraints on the
Wilson coefficients in Warsaw (custodial) basis.
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